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Why Hartree-Fock? Derivation of Hartree-Fock equations

Hartree-Fock (HF) theory is an algorithm for finding an approximative expression
for the ground state of a given Hamiltonian. The basic ingredients are

e Define a single-particle basis {4} so that

iLHFz/Ja - ana
with the Hartree-Fock Hamiltonian defined as
P = 4 Gy + 2T
e The term @HF is a single-particle potential to be determined by the HF

algorithm.

HF

e The HF algorithm means to choose 4" in order to have

(H) = EMF = (9| H|®,)

that is to find a local minimum with a Slater determinant ®( being the ansatz
for the ground state.

e The variational principle ensures that EHF > Ej, with Ej the exact ground
state energy.


http://computationalphysics.no

We will show that the Hartree-Fock Hamiltonian AHF equals our definition of the
operator f discussed in connection with the new definition of the normal-ordered
Hamiltonian (see later lectures), that is we have, for a specific matrix element

(I q) = (p|fla) = (plf + dexcla) + > (pilVgi) as,
i<F

meaning that
(pla™|q) = > (pilV]gi) as-
i<F

The so-called Hartree-Fock potential ¢HF brings an explicit medium dependence
due to the summation over all single-particle states below the Fermi level F'. It
brings also in an explicit dependence on the two-body interaction (in nuclear
physics we can also have complicated three- or higher-body forces). The two-
body interaction, with its contribution from the other bystanding fermions,
creates an effective mean field in which a given fermion moves, in addition to the
external potential @iey; which confines the motion of the fermion. For systems like
nuclei, there is no external confining potential. Nuclei are examples of self-bound
systems, where the binding arises due to the intrinsic nature of the strong force.
For nuclear systems thus, there would be no external one-body potential in the
Hartree-Fock Hamiltonian.

Variational Calculus and Lagrangian Multipliers

The calculus of variations involves problems where the quantity to be minimized
or maximized is an integral.
In the general case we have an integral of the type

b
Bo] = [ f(@), 5 )i,

where F is the quantity which is sought minimized or maximized. The problem
is that although f is a function of the variables ®, 0®/Jz and z, the exact
dependence of ® on x is not known. This means again that even though the
integral has fixed limits a and b, the path of integration is not known. In our
case the unknown quantities are the single-particle wave functions and we wish
to choose an integration path which makes the functional E[®] stationary. This
means that we want to find minima, or maxima or saddle points. In physics
we search normally for minima. Our task is therefore to find the minimum of
E[®] so that its variation 0 F is zero subject to specific constraints. In our case
the constraints appear as the integral which expresses the orthogonality of the
single-particle wave functions. The constraints can be treated via the technique
of Lagrangian multipliers

Let us specialize to the expectation value of the energy for one particle in
three-dimensions. This expectation value reads

E= / dadyd* (2, y, 2) FHib(a, y, 2),



with the constraint
[ dsdydzi oy oo 2) = 1,
and a Hamiltonian 1
H= —§V2 + V(z,y, 2).

We will, for the sake of notational convenience, skip the variables x,y, z below,
and write for example V(x,y,2) = V.

The integral involving the kinetic energy can be written as, with the function
1) vanishing strongly for large values of x,y, z (given here by the limits a and b),

b 1 b 1
/ dxdydzy* (—2V2> Ydrdydz = *V|° —|—/ dxdydz§V¢*Vw.

We will drop the limits a and b in the remaining discussion. Inserting this
expression into the expectation value for the energy and taking the variational
minimum we obtain

0E =9 {/dxdydz (;vwvw + Vw*w) } =0.

The constraint appears in integral form as

/ dxdydz1y ™ = constant,

and multiplying with a Lagrangian multiplier A and taking the variational
minimum we obtain the final variational equation

1
0 {/dxdydz <2w*w} + Vyry — )ﬂb*l/}) } =0.
We introduce the function f

f= SV VI = M = 2 (0 + Uy +20) + VI~ M7,

where we have skipped the dependence on x,y, z and introduced the shorthand
Yz, ¥y and 9, for the various derivatives.
For 9* the Euler-Lagrange equations yield
af g of g of o of

90" Dsov  dyov; o:opr

which results in 1
—5(%30 + wyy + '(/Jzz) + le = )‘1/)~

We can then identify the Lagrangian multiplier as the energy of the system.
The last equation is nothing but the standard Schroedinger equation and the
variational approach discussed here provides a powerful method for obtaining
approximate solutions of the wave function.



Definitions and notations

Before we proceed we need some definitions. We will assume that the interacting
part of the Hamiltonian can be approximated by a two-body interaction. This
means that our Hamiltonian is written as the sum of some onebody part and a
twobody part

A A
g:ﬁ0+ﬁ[:ZiL0(1’i)+Z@(rij)» (1)
i=1 i<j

with

A
Hy = Zilo(l“i) (2)

The onebody part ueyt(2;) is normally approximated by a harmonic oscillator
potential or the Coulomb interaction an electron feels from the nucleus. However,
other potentials are fully possible, such as one derived from the self-consistent
solution of the Hartree-Fock equations to be discussed here.

Our Hamiltonian is invariant under the permutation (interchange) of two
particles. Since we deal with fermions however, the total wave function is
antisymmetric. Let P be an operator which interchanges two particles. Due to
the symmetries we have ascribed to our Hamiltonian, this operator commutes
with the total Hamiltonian,

[H,P] =0,
meaning that Uy (z1,z2,...,z4) is an eigenfunction of P as well, that is
Pij\I/)\(:l?l,ZEQ,...,l‘i,...,l’j,...,{EA) :ﬂ\IJA("ZZl,‘IQ,...,l’i7...,£17j,...,$A),

where £ is the eigenvalue of P. We have introduced the suffix ij in order to
indicate that we permute particles ¢ and j. The Pauli principle tells us that the
total wave function for a system of fermions has to be antisymmetric, resulting
in the eigenvalue g = —1.

In our case we assume that we can approximate the exact eigenfunction with
a Slater determinant

Ya(z1) Yalr2) Ya(za)
1| Ys(x1) Yp(x2) Vp(2a)
B ] I ORI
’(/)U(.Z’l) lﬂg(xg) Qﬁo(.’lfA)
(3)
where x; stand for the coordinates and spin values of a particle 4 and «, 3, ...,

are quantum numbers needed to describe remaining quantum numbers.
The single-particle function v, (x;) are eigenfunctions of the onebody Hamil-
tonian h;, that is

~

hO(xz) = f(xz) + ﬁext(xi)a



with eigenvalues

B0<xi>wa(mi) = (£($2) + 'aext(xi)) "/}a(wi) = 5a¢a($i)-

The energies ¢, are the so-called non-interacting single-particle energies, or
unperturbed energies. The total energy is in this case the sum over all single-
particle energies, if no two-body or more complicated many-body interactions
are present.

Let us denote the ground state energy by Ey. According to the variational
principle we have

Ey < E[®] = /cb*lflcbdr

where ® is a trial function which we assume to be normalized

/@*cpdT =1,

where we have used the shorthand dr = dx1drs ... dr4.
In the Hartree-Fock method the trial function is the Slater determinant of
Eq. (??) which can be rewritten as

B(x1, T2, TA, 0By ) = J% S ()P Piba)p(@s) .. (wa) = VALAD,
P

where we have introduced the antisymmetrization operator A defined by the
summation over all possible permutations of two particles.
It is defined as

A= rp, (4)

with p standing for the number of permutations. We have introduced for later
use the so-called Hartree-function, defined by the simple product of all possible
single-particle functions

q)H(.’L'hJJQ,...,(EA,OQﬂ,...,V) = ¢a($1)¢6(x2>¢u(xfl)

Both Hy and H are invariant under all possible permutations of any two
particles and hence commute with A

~ ~

(Ho, A = [H;, A] = 0. (5)

Furthermore, A satisfies

~

A= A, (6)

since every permutation of the Slater determinant reproduces it.
The expectation value of Hy

/ * Hyddr = Al / oL AHAD ydr



is readily reduced to
/CI)*.HQ(I)dT = Al / % HyAdD ydr,

where we have used Eqs. (??) and (??). The next step is to replace the anti-
symmetrization operator by its definition and to replace Hy with the sum of
one-body operators

A
[ owir =337 [ @yhoPeadr,
i=1 p

The integral vanishes if two or more particles are permuted in only one of
the Hartree-functions ®y because the individual single-particle wave functions
are orthogonal. We obtain then

A
/@*ﬁoédr = Z/@’}Iﬁoégdr
i=1

Orthogonality of the single-particle functions allows us to further simplify the
integral, and we arrive at the following expression for the expectation values of
the sum of one-body Hamiltonians

/<I> Ho®dr = Z/ﬂ’ ) hot,, (z)dxdr. (7)

We introduce the following shorthand for the above integral

tulhale) = [ i@ ot (a)do

and rewrite Eq. (77?) as

A

[ owar = > Gulho (5)

p=1

The expectation value of the two-body part of the Hamiltonian is obtained
in a similar manner. We have

/wﬁ@szV”;mam%w,

which reduces to

/@ Hi®dr = Z > (=) /(I)H’U rij) PO pdr,

i<j=1 p

by following the same arguments as for the one-body Hamiltonian.



Because of the dependence on the inter-particle distance 7;;, permutations of
any two particles no longer vanish, and we get

/<I> H®dr = Z /CI)HU (rij)(1 — Pij)®pdr.

i<j=1

where P;; is the permutation operator that interchanges particle ¢ and particle
j. Again we use the assumption that the single-particle wave functions are
orthogonal.

We obtain

/<I> H®dr = ZZ Uw i)y (25)0(rig )y (i) o () daida; —/w;z(wi)wz(xj)ﬁ(rmwu(mi)wm)dand:cj

[L lv=1
(9)
The first term is the so-called direct term. It is frequently also called the Hartree
term, while the second is due to the Pauli principle and is called the exchange
term or just the Fock term. The factor 1/2 is introduced because we now run
over all pairs twice.
The last equation allows us to introduce some further definitions. The single-
particle wave functions 9, (x), defined by the quantum numbers ;1 and z are
defined as the overlap

ba() = (z|a).

We introduce the following shorthands for the above two integrals

Guvlol) = [ 3o o)l () (o i,

and

(uw|Blvp) = / ()8 ()0 o ()b () i

Hartree-Fock by varying the coefficients of a wave function
expansion

The standard method to derive the Hartree-Fock equations (from a computational
point of view)is to expand the single-particle functions in a known basis and
vary the coefficients, that is, the new single-particle wave function is written
as a linear expansion in terms of a fixed chosen orthogonal basis (for example
the well-known harmonic oscillator functions or the hydrogen-like functions etc).
We define our new Hartree-Fock single-particle basis by performing a unitary
transformation on our previous basis (labelled with greek indices) as

= Z Cpr@Px. (10)
X

In this case we vary the coefficients Cp,5. If the basis has infinitely many solutions,
we need to truncate the above sum. We assume that the basis ¢, is orthogonal.



A unitary transformation keeps the orthogonality, as discussed in exercise 1
below.

It is normal to choose a single-particle basis defined as the eigenfunctions of
parts of the full Hamiltonian. The typical situation consists of the solutions of
the one-body part of the Hamiltonian, that is we have

hodr = expa.

The single-particle wave functions ¢, (r), defined by the quantum numbers A
and r are defined as the overlap

Pa(r) = (r|A).

In our discussions hereafter we will use our definitions of single-particle states
above and below the Fermi (F') level given by the labels ijkl--- < F for so-called
single-hole states and abed--- > F for so-called particle states. For general
single-particle states we employ the labels pgrs. ...

The equation for the energy with one Slater determinant as ansatz for the
ground state is

BS

w\)—*

= {ulhlp) +

A A
Z Z p|o|pv) as,

we found the expression for the energy functional in terms of the basis function
¢r(r). We then varied the above energy functional with respect to the basis
functions |u). Now we are interested in defining a new basis defined in terms of
a chosen basis as defined in Eq. (?7). We can then rewrite the energy functional
as

A

E[®HF] = Z ilhld) Z<z‘jlﬁlz’j>As, (11)

i=1 zg:l

where ®F" is the new Slater determinant defined by the new basis of Eq. (?7).
Using Eq. (??) we can rewrite Eq. (?7?) as

ZZ Cip{aln|B) + Z Y CiaCiCiCislaBlolyd) as.  (12)

i=1 af ’L] 1 apyo

We wish now to minimize the above functional. We introduce again a set
of Lagrange multipliers, noting that since (i|j) = J;; and («|8) = da g, the
coeflicients Cj, obey the relation

< |J> - 61] - ZCMJCI,B O‘|ﬂ Z Zom

which allows us to define a functional to be minimized that reads

F[®TF] = B[ofF] — Zl ey ChCia. (13)



Minimizing with respect to C};,, remembering that the equations for C7, and

C;o can be written as two independent equations, we obtain

d

acy, Bt - Z E Z o

which yields for every single-particle state i and index « (recalling that the
coefficients Cj, are matrix elements of a unitary (or orthogonal for a real
symmetric matrix) matrix) the following Hartree-Fock equations

Zcm alhlB) +ZZ 55CisCin (aB10[18) a5 = ef " Cl.

Jj=1pv¢

We can rewrite this equation as (changing dummy variables)

> S (alhlB) +ZZ Cjs(ar[0]80) as ¢ Cip = €' Cia
i

B

Note that the sums over greek indices run over the number of basis set functions
(in principle an infinite number).
Defining

= (B + 33 s {anlo18) s
j=1 ~é

we can rewrite the new equations as
Z Wlf Cig = €' Cia (14)

The latter is nothing but a standard eigenvalue problem.

We see that we do not need to compute any integrals in an iterative procedure
for solving the equations. It suffices to tabulate the matrix elements («|h|S8) and
(ay|9]89) a5 once and for all. Successive iterations require thus only a look-up
in tables over one-body and two-body matrix elements.

Hartree-Fock algorithm

Our Hartree-Fock matrix is thus

= (a]ho|B) +ZZ Cjs(ay|8]86) as

j=1 ~o

The Hartree-Fock equations are solved in an iterative waym starting with a
guess for the coeflicients C;, = §; , and solving the equations by diagonalization



till the new single-particle energies €'¥ do not change anymore by a prefixed
quantity.

Normally we assume that the single-particle basis |3) forms an eigenbasis for
the operator 710, meaning that the Hartree-Fock matrix becomes

hiff = ea a,ﬁZZ Cjs{ay[0]88) as

j=1 ~é

The Hartree-Fock eigenvalue problem
Z ilfFCZg = EEFCZ‘O“
B

can be written out in a more compact form as
BHF G — HF A

The Hartree-Fock equations are, in their simplest form, solved in an iterative
way, starting with a guess for the coefficients C;,. We label the coefficients as

C’Z(a , where the subscript n stands for iteration n. To set up the algorithm we

can proceed as follows:

e We start with a guess CZ-(g) = 0, o. Alternatively, we could have used
random starting values as long as the vectors are normalized. Another
possibility is to give states below the Fermi level a larger weight.

e The Hartree-Fock matrix simplifies then to (assuming that the coefficients
Ci. are real)

ﬁg =€, a5+ZZC(O)C’ (ay|0]86) as
j=1 ~é
Solving the Hartree Fock eigenvalue problem yields then new eigenvectors

C’i(1 and eigenvalues e F@)

o With the new eigenvalues we can set up a new Hartree-Fock potential

ZZC‘”C (an]0180) as

j=1 ~é
The diagonalization with the new Hartree-Fock potential yields new eigenvectors
and eigenvalues. This process is continued till for example

>, lel™ — e

m

<A

where ) is a user prefixed quantity (A ~ 10~% or smaller) and p runs over all
calculated single-particle energies and m is the number of single-particle states.

10



Analysis of Hartree-Fock equations and Koopman’s theo-
rem

We can rewrite the ground state energy by adding and subtracting @7 (z;)

A A
BYP = @ulilo0) = S hu i34 3 3 ) - a0 306,
i<F z<F]<F i<F
which results in
A
Zf’”+ ZZ (ijlolig) — Ggloli)] — Y il " i),
i<F 1<F]<F i<F

Our single-particle states ijk ... are now single-particle states obtained from the
solution of the Hartree-Fock equations.

Using our definition of the Hartree-Fock single-particle energies we obtain
then the following expression for the total ground-state energy

ElF = Zsl ZZ (ijlolig) — (ij|olji)] -

i<F z<Fj<F

This form will be used in our discussion of Koopman’s theorem.
In the atomic physics case we have

H N

BRM (N = S filhol) + 5 D Gilolid) as:

i=1 ij=1

where ®HF (V) is the new Slater determinant defined by the new basis of Eq. (?7)
for N electrons (same Z). If we assume that the single-particle wave functions
in the new basis do not change when we remove one electron or add one electron,
we can then define the corresponding energy for the N — 1 systems as

N N
a3 1 iape
ER"(N-1)]= ) (ilhold) + 5 > (ifloli) as,
i=1yik ij=1i,j#£k

where we have removed a single-particle state k < F', that is a state below the
Fermi level.
Calculating the difference

N N
1 1 .
E[@" (N)-E[@"F (N-1)] = (klholk)+5 > (iklolik)ass > (kjldlks)as,
21:171# 2] 1;5#k

we obtain

E[®"F(N)] - E[@"F(N —1)] = (klholk) +

N | =

N
> (kjlo]kg) A
j=1
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which is just our definition of the Hartree-Fock single-particle energy
E[@"F(N)] - E[e""(N —1)] = ¢F

Similarly, we can now compute the difference (we label the single-particle

states above the Fermi level as abed > F)

E[®1F (N + 1)] — E[0F (N)] = IIF,

These two equations can thus be used to the electron affinity or ionization energies,
respectively. Koopman’s theorem states that for example the ionization energy of
a closed-shell system is given by the energy of the highest occupied single-particle
state. If we assume that changing the number of electrons from N to N + 1 does
not change the Hartree-Fock single-particle energies and eigenfunctions, then
Koopman’s theorem simply states that the ionization energy of an atom is given
by the single-particle energy of the last bound state. In a similar way, we can
also define the electron affinities.

As an example, consider a simple model for atomic sodium, Na. Neutral
sodium has eleven electrons, with the weakest bound one being confined the 3s
single-particle quantum numbers. The energy needed to remove an electron from
neutral sodium is rather small, 5.1391 eV, a feature which pertains to all alkali
metals. Having performed a Hartree-Fock calculation for neutral sodium would
then allows us to compute the ionization energy by using the single-particle
energy for the 3s states, namely e}lF.

From these considerations, we see that Hartree-Fock theory allows us to make
a connection between experimental observables (here ionization and affinity
energies) and the underlying interactions between particles. In this sense, we are
now linking the dynamics and structure of a many-body system with the laws of
motion which govern the system. Our approach is a reductionistic one, meaning
that we want to understand the laws of motion in terms of the particles or degrees
of freedom which we believe are the fundamental ones. Our Slater determinant,
being constructed as the product of various single-particle functions, follows this
philosophy.

With similar arguments as in atomic physics, we can now use Hartree-Fock
theory to make a link between nuclear forces and separation energies. Changing
to nuclear system, we define

A A

BIOMF ()] = 3 (ilholi) + 5 D (iflolif)as.

i=1 ij=1

where ®HF(A) is the new Slater determinant defined by the new basis of Eq. (?7)
for A nucleons, where A = N + Z, with N now being the number of neutrons
and Z th enumber of protons. If we assume again that the single-particle wave
functions in the new basis do not change from a nucleus with A nucleons to a
nucleus with A — 1 nucleons, we can then define the corresponding energy for

12



the A — 1 systems as

A 1 A
E@" (A== > (ilhli)+5 Y (idlolid)as,
i=1;i#k ij=1;i,j#k

where we have removed a single-particle state k < F', that is a state below the
Fermi level.
Calculating the difference

A A
1 1
HF HF
B[O (A)-E[0" (A=1)] = (klholk)+5 D (iklolik)ass D (kjlolki)as,
i=1;i#k j=1;#k

which becomes

E[®"F(A)] — B[®"F (A - 1)] = (k|holk) +

N —

A
> (kjlolki)a
j=1

which is just our definition of the Hartree-Fock single-particle energy
B[@"(4)] - B[e" (A1) ="

Similarly, we can now compute the difference (recall that the single-particle
states abed > F)
E[@UF (A +1)] - E[@HF(A)] = €F.

If we then recall that the binding energy differences
BE(A)— BE(A—-1) and BE(A+1)— BE(A),

define the separation energies, we see that the Hartree-Fock single-particle
energies can be used to define separation energies. We have thus our first link
between nuclear forces (included in the potential energy term) and an observable
quantity defined by differences in binding energies.

We have thus the following interpretations (if the single-particle field do not
change)

BE(A) — BE(A—1) ~ E[®"F (4)] — E[®"F (4 — 1)) = €IF,

and
E(A+1) — BE(A) = E[®"F (A + 1)] — E[®"F(A)] = €IF.

a

If we use 10 as our closed-shell nucleus, we could then interpret the separation
energy

E('°0) — BE(*0) ~ €,

and
E(*°0) = BE(*N) ~ ¢ .



Similalry, we could interpret
BE('"0) — BE(*°0) ~ eOHng/Q,
and
BE("F) — BE(*°0) ~ eg{;;,m.

We can continue like this for all A 4 1 nuclei where A is a good closed-shell (or
subshell closure) nucleus. Examples are 220, 240, 4°Ca, ¥Ca, 52Ca, **Ca, 55Ni,
68Ni, "8Ni, 20Zr, 88Sr, 1908n, 13281 and 2°%Pb, to mention some possile cases.

We can thus make our first interpretation of the separation energies in terms
of the simplest possible many-body theory. If we also recall that the so-called
energy gap for neutrons (or protons) is defined as

AS, =2BE(N,Z)— BE(N —1,Z) — BE(N + 1, 2),
for neutrons and the corresponding gap for protons
AS, =2BE(N,Z) - BE(N,Z —-1)— BE(N,Z + 1),
we can define the neutron and proton energy gaps for 160 as
HF

AS, = ellE — (E
v Ods/z 0pY 57

and
AS, = el — el
i 0dg, 0pT 5
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