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Quantum numbers

Outline

» Discussion of single-particle and two-particle quantum
numbers, uncoupled and coupled schemes

» Discussion of angular momentum recouplings and the
Wigner-Eckart theorem

» Applications to specific operators like the nuclear two-body
tensor force

For quantum numbers, chapter 1 on angular momentum and
chapter 5 of Suhonen and chapters 5, 12 and 13 of Alex Brown.
For a discussion of isospin, see for example Alex Brown's lecture
notes chapter 12, 13 and 19.



Motivation
When solving the Hartree-Fock project using a nucleon-nucleon

interaction in an uncoupled basis (m-scheme), we found a high level
of degeneracy. One sees clear from the table here that we have a
degeneracy in the angular momentum j, resulting in 2j + 1 states
with the same energy. This reflects the rotational symmetry and

spin symmetry of the nuclear forces.
Quantum numbers  Energy [MeV]

0s7/» -40.4602
0s7/> -40.4602
0sy/» -40.6426
0s1/» -40.6426
0p1/2 -6.7133
0p1/2 -6.7133
o e
P1/2 0.
Op;r;2 -11.5886
0p3/2 -11.5886
0p3 /> -11.5886
0p3/» -11.5886
0ps3 /> -11.7201

0p% 5 -11.7201



Single-particle and two-particle quantum numbers

In order to understand the basics of the nucleon-nucleon interaction
and the pertaining symmetries, we need to define the relevant
quantum numbers and how we build up a single-particle state and a
two-body state, and obviously our final holy grail, a many-boyd
state.

» For the single-particle states, due to the fact that we have the
spin-orbit force, the quantum numbers for the projection of
orbital momentum /, that is my, and for spin s, that is ms, are
no longer so-called good quantum numbers. The total angular
momentum j and its projection m; are then so-called good
quantum numbers.

> This means that the operator J2 does not commute with L, or
S,.

» We also start normally with single-particle state functions
defined using say the harmonic oscillator. For these functions,
we have no explicit dependence on j. How can we introduce
single-particle wave functions which have j and its projection



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

We have that the operators for the orbital momentum are given by

) 0 0
Ly = —/ﬁ(ya - zafy) = ypz — 2py,



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

Since we have a spin orbit force which is strong, it is easy to show
that the total angular momentum operator

A

J=10+S§

does not commute with [, and 5,. To see this, we calculate for
example

L., 7] = [L,(L+ )7 (1)
= [L,,[?+ 5%+ 28]
= [L,,L8)=[L,, L5 +L,5 +1L,5]+#0,

since we have that [L,, L] = ihL, and [L,L,] = ihL,.



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

We have also A
|J| = hy/J(J+ 1),

with the the following degeneracy
My=—J,—J+1,...,0—-1,J.

With a given value of L and S we can then determine the possible
values of J by studying the z component of J. It is given by

L=10,+5,.

The operators [, and S, have the quantum numbers L, = M A
and S, = Mgh, respectively, meaning that

Mk = Mk + Msh,

or



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

For nucleons we have that the maximum value of Ms = mg = 1/2,
yielding

1
(m))imax = 1+ 5.
Using this and the fact that the maximum value of M; = mj is j we

have

1, 1, 3, 5
=+ = =2 =2
J +2’ 27 2’ 27

To decide where this series terminates, we use the vector inequality

L4381 |12~ 1381]



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

>
™~
oy

Using J =L+ S we get

) > |L] - 15],

or

|J| = i/J(J+1) > |h/L(L+ 1) — hy/S(S + 1)].



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

If we limit ourselves to nucleons only with s = 1/2 we find that

= m/JG 1) 2 WITE D) — by 5 + D)

It is then easy to show that for nucleons there are only two possible
values of j which satisfy the inequality, namely



Single-particle and two-particle quantum numbers, brief
review on angular momenta etc

Let us study some selected examples. We need also to keep in mind
that parity is conserved. The strong and electromagnetic
Hamiltonians conserve parity. Thus the eigenstates can be broken
down into two classes of states labeled by their parity m = +1 or

m = —1. The nuclear interactions do not mix states with different
parity.

For nuclear structure the total parity originates from the intrinsic
parity of the nucleon which is Tiy¢rinsic = +1 and the parities
associated with the orbital angular momenta 7, = (—1)' . The
total parity is the product over all nucleons

™ = [1; Tintrinsic (1) (7) = [1;(~=1)"

The basis states we deal with are constructed so that they conserve
parity and have thus a definite parity.

Note that we do have parity violating processes, more on this later
although our focus will be mainly on non-parity viloating processes



Single-particle and two-particle quantum numbers

Consider now the single-particle orbits of the 1s0d shell. For a 0d
state we have the quantum numbers | =2, m; = —-2,-1,0,1, 2,
s+1/2, mg =+£1/2, n =0 (the number of nodes of the wave
function). This means that we have positive parity and

3 3 113

1=3 ° M=% "2722

and
5 3 11
27 27 27

)

I\)\U'I

U 3
1—2— J = 2



Single-particle and two-particle quantum numbers

Our single-particle wave functions, if we use the harmonic oscillator,
do however not contain the quantum numbers j and m;. Normally
what we have is an eigenfunction for the one-body problem defined
as

@n/m,sms(ra 07 ¢) = Rn/(r) Ylm/(ea Cb)gsmsa

where we have used spherical coordinates (with a spherically
symmetric potential) and the spherical harmonics

et o0 (imio),

Yim (0, 0) = P(0)F(¢) = \/

with P being the so-called associated Legendre polynomials.



Single-particle and two-particle quantum numbers

Examples are
for | = m; =0,

for/=1and m; =0,

Yit1 =/ %sin(@)exp(iid)),

for | =1 and m; = £1,

Yoo — ,/16%(3c052(9) _1)

for | =2 and m; = 0 etc.



Single-particle and two-particle quantum numbers

How can we get a function in terms of j and m;? Define now

¢nlm,sms(ra 97 ¢) = Rnl(r) Ylm/(ea ¢)§Sms7

and

wnjmj;lmlsms(ra 97 ¢)7

as the state with quantum numbers jm;. Operating with
P=0+82=P+82+20,5,+ 1,5 +13,,

on the latter state we will obtain admixtures from possible
¢nlm,sm5(r7 0, Qb) states.



Single-particle and two-particle quantum numbers

To see this, we consider the following example and fix

'_3_/ s m._3
j=—-= = .
and
'_5_/ s m._3
j=—=1+ = =

It means we can have, with / =2 and s = 1/2 being fixed, in order
to have mj = 3/2 either m; =1 and ms = 1/2 or m; = 2 and
ms = —1/2. The two states

¢n:0j:5/2mj:3/2;l:25:1/2

and
Vn=0j=3/2m;=3/2;/=25=1/2
will have admixtures from ¢,_o/—m—2s—1/2m,——1/2 and

Pn=0i=2m,=1s=1/2m,=1/2- How do we find these admixtures? Note
that we don't specifv the values of m, and m. in the functions 1)



Single-particle and two-particle quantum numbers

We operate with
P=0+82=P+&+20s,+15 +15
on the two jm; states, that is

- 3
f21/1n=0j=5/2mj=3/2;/=25=1/2 = ahz[/(H‘1)+Z+2m/ms]<f>n=0/:2m,:2s:1/2ms

BRPA/I(1+ 1) — my(my — 1)¢p_o/—2m—15-1/2m,—1/2;

and

. 3
JPUn—oj=3/2m=3/2:1=25=1/2 = ah2[I(I+1)+Z+2m/ms]+¢n:0l:2m,:15:1/21

BR2/I(1+ 1) — my(m; + 1)Pn—0/=2m=25=1/2ms=—1/2-



Single-particle and two-particle quantum numbers

This means that the eigenvectors ¢,_o/—om—2s=1/2m,——1/2 €tc are
not eigenvectors of j2. The above problems gives a 2 x 2 matrix
that mixes the vectors Vn=0j=5/2m;3/2;1=2m;s=1/2m and
Vn=0j=3/2m;3/2;1=2m;s=1/2m, With the states
Pn=0/=2m=25=1/2ms=—1/2 aNd P—0/=2m/=15=1/2m,=1/2- The
unknown coefficients o and 3 are the eigenvectors of this matrix.
That is, inserting all values my, I, ms, s we obtain the matrix

[ 192/4 312/4 ]

whose eigenvectors are the columns of

[T el
1/v5 —2/v5

These numbers define the so-called Clebsch-Gordan coupling
coefficients (the overlaps between the two basis sets). We can thus

wiride



Clebsch-Gordan coefficients

The Clebsch-Gordan coeffficients (/m;sms|jm;) have some
interesting properties for us, like the following orthogonality
relations

> (umajama| IMY (myjama| J'M') = 65 S,

mimo
Z(jlmu'zmz!JM) (umj2m| IM) = Gyt Oy,
IM

(Am1jama|IM) = (=127 (o my jymy | IM),

and many others. The latter will turn extremely useful when we are
going to define two-body states and interactions in a coupled basis.



Clebsch-Gordan coefficients, testing the orthogonality
relations

The orthogonality relation can be tested using the symbolic python
package wigner. Let us test

> Grmyjpma|IM) (jmyjama| S M) = 65y Spa, s

mym2

The following program tests this relation for the case of j; = 3/2

and j> = 3/2 meaning that m; and my run from —3/2 to 3/2.

from sympy import S
from sympy.physics.wigner import clebsch_gordan
# Twice the values of j1 and 72
j1 =3
j2 =3
J=2
Jp =2
M=2
Mp = 3
sum = 0.0
for ml in range(-j1, j1+2, 2):

for m2 in range(-j2, j2+2, 2):

M = (mi1+m2)/2.

mon 117 o4 N T o q ) o d LD N



Quantum numbers and the Schroeodinger equation in
relative and CM coordinates

Summing up, for for the single-particle case, we have the following
eigenfunctions

7/}njmj;ls = Z <Im/sm5 ‘jmj>¢nlm/sm5,

myms

where the coefficients (Im;sms|jm;) are the so-called
Clebsch-Gordan coeffficients. The relevant quantum numbers are n
(related to the principal quantum number and the number of nodes
of the wave function) and

J?Q@Z)njmj;ls = hZ./(./ + 1)¢njmj;lsa
fzwnjmj;ls = hmﬂ/}njmj;ISa
Pwnjmj;ls = h2/(l + 1)¢njmj:/5’

§2¢njmj;ls = h?s(s + 1) njm;:1s



Quantum numbers and the Schroedinger equation in relative
and CM coordinates

For a two-body state where we couple two angular momenta j; and
Jo to a final angular momentum J with projection M, we can
define a similar transformation in terms of the Clebsch-Gordan
coeffficients

w(jljz)JMJ = Z Ulmj1j2mj2’JMJ>¢n1j1mj1;/151wnzjzmj2:/252’

mj mj,

We will write these functions in a more compact form hereafter,
namely,
|G2)IM) = P(ajnyamys
and
Uim;;) = w”ijimj,-;/isﬂ
where we have skipped the explicit reference to /, s and n. The

spin of a nucleon is always 1/2 while the value of / can be deduced
from the parity of the state. It is thus normal to label a state with



Quantum numbers and the Schroedinger equation in relative
and CM coordinates

Our two-body state can thus be written as

|(1112)JMJ Z <]1mJ1J2m12|JMJ>|JlmJ1>‘J2mJ2>

mjl mjz

Due to the coupling order of the Clebsch-Gordan coefficient it reads
as j; coupled to j» to yield a final angular momentum J. If we
invert the order of coupling we would have

|(2j1)IM,) = Z (2mjjimj | IM ) jrmj Y jamy, ),

mj; Mj,

and due to the symmetry properties of the Clebsch-Gordan
coefficient we have

|G2t)IMy) = (=120 7 (umy jomyy [ IM) v ) famy,) = (~1)2

mjl mjz



Quantum numbers

We have thus the coupled basis

|Grj2) IMy) = > (umyjomy [IM ) jim, ) omy, ).

mjlmj2
and the uncoupled basis
amjy ) ljamy,).

The latter can easily be generalized to many single-particle states
whereas the first needs specific coupling coefficients and definitions
of coupling orders. The m-scheme basis is easy to implement
numerically and is used in most standard shell-model codes. Our
coupled basis obeys also the following relations

P () IMy) = B2 I(J + 1)|(ju2) IM,)

L\ (jujp) IMy) = BiM;|(juj2) IMy),



Components of the force and isospin

The nuclear forces are almost charge independent. If we assume
they are, we can introduce a new quantum number which is
conserved. For nucleons only, that is a proton and neutron, we can
limit ourselves to two possible values which allow us to distinguish
between the two particles. If we assign an isospin value of 7 =1/2
for protons and neutrons (they belong to an isospin doublet, in the
same way as we discussed the spin 1/2 multiplet), we can define
the neutron to have isospin projection 7, = +1/2 and a proton to
have 7, = —1/2. These assignements are the standard choices in
low-energy nuclear physics.



Isospin

This leads to the introduction of an additional quantum number
called isospin. We can define a single-nucleon state function in
terms of the quantum numbers n, j, m;, I, s, 7 and 7,. Using our
definitions in terms of an uncoupled basis, we had

¢njmj;ls = Z </m/5ms ‘jmj>¢nlm/sm5y

myms

which we can now extend to

njm;;IsSTT, = I s ] lj)®nlmismsST77
Ynjm;;1s§ (Imjsms|jmj) ¢ §

mpyms

with the isospin spinors defined as

1
67':1/272:4—1/2 - ( 0 ) y

/7 0\

and



Isospin
We can in turn define the isospin Pauli matrices (in the same as we

define the spin matrices) as

. (01
TX_ 107

and
A _ 1 0
z O _1 9
and operating with 7, on the proton state function we have

20P(r) = —50°(0),

and for neutrons we have

A N7\ 1./.n/__\



Isospin

We can now define the so-called charge operator as

Q 1, .. foo
6:2(1—72)_{0 1}’
which results in .
Dyp(ey = ve(r)
and R
Q nin
zw (r) - Oa

as it should be.



Isospin

The total isospin is defined as

Fﬂ)>

T =
1

and its corresponding isospin projection as

A

T, =

>
l‘_‘>

Il
M

with eigenvalues T(T + 1) for T and 1/2(N — Z) for T,, where N
is the number of neutrons and Z the number of protons.

If charge is conserved, the Hamiltonian A commutes with T, and
all members of a given isospin multiplet (that is the same value of
T) have the same energy and there is no T, dependence and we
say that H is a scalar in isospin space.



Angular momentum algebra, Examples

We have till now seen the following definitions of a two-body
matrix elements with quantum numbers p = j,m, etc we have a
two-body state defined as

[(pq)M) = alal|do),

where |®g) is a chosen reference state, say for example the Slater
determinant which approximates 1°O with the 0s and the Op shells
being filled, and M = m, + mq. Recall that we label single-particle
states above the Fermi level as abcd ... and states below the Fermi
level for jjkl.... In case of two-particles in the single-particle states
a and b outside °0 as a closed shell core, say 180, we would write
the representation of the Slater determinant as

180) = [(ab)M) = a}a}|'°0) = |®P).

In case of two-particles removed from say 10, for example two
neutrons in the single-particle states i and j, we would write this as



Angular momentum algebra and many-body states

For a one-hole-one-particle state we have

16 - 16

10)1p1 = [(ai)M) = afa;[*°0) = |#7),
and finally for a two-particle-two-hole state we

10)2p2p = |(abij)M) = alal a;a;|*°0) = [®3).



Angular momentum algebra, two-body state and
anti-symmetrized matrix elements

Let us go back to the case of two-particles in the single-particle
states a and b outside 160 as a closed shell core, say 180. The
representation of the Slater determinant is

[*0) = |(ab)M) = ala}|°0) = o).
The anti-symmetrized matrix element is detailed as
((ab)M|V|(cd)M) = ((jamajomp)M = ma+mp| V|(jemejgma)M = ma+r
and note that anti-symmetrization means
((ab)M|V|(cd)M) = —((ba)M|V|(cd)M) = ((ba)M|V|(dc)M),

{(ab)M|V|(cd)M) = —((ab)M|V|(dc)M).



Angular momentum algebra, Wigner-Eckart theorem,
Examples

This matrix element is given by

1 N
(16O|abaaz Z((pq)M\ V|(rs)M’)azazasa,alamlﬁO).
pars

We can compute this matrix element using Wick's theorem.



Angular momentum algebra, Wigner-Eckart theorem,
Examples

We have also defined matrix elements in the coupled basis, the
so-called J-coupled scheme. In this case the two-body wave
function for two neutrons outside 10 is written as

J
190), = |(ab)M) = {alal} [1°0) = Nop D" (amajpms|JM)|&7),
mamp
with
|®2b) = afal [1°0).
We have now an explicit coupling order, where the angular

momentum j, is coupled to the angular momentum j;, to yield a
final two-body angular momentum J. The normalization factor is

V1466 x (—1)/
N 1+ 04

Nab



Angular momentum algebra

We note that, using the anti-commuting properties of the creation
operators, we obtain

Nab Y (amajomp| JM)| D7) = —Nop > (jamajpmp|JM)|05).

mamyp mamyp
Furthermore, using the property of the Clebsch-Gordan coefficient
Uamajbmb’JM >= (_1)ja+jb_J<jbmbjama‘JM>7

which can be used to show that

Gaia) M) = {afat}” 190) = o 3 Gomajams| M) 05%).

mamy

is equal to

|Ubja) IM) = (=174 () IM).



Angular momentum algebra, Wigner-Eckart theorem,
Examples

The implementation of the Pauli principle looks different in the
J-scheme compared with the m-scheme. In the latter, no two
fermions or more can have the same set of quantum numbers. In
the J-scheme, when we write a state with the shorthand

*°0), = |(ab)IM),

we do refer to the angular momenta only. This means that another
way of writing the last state is

"80) s = |(jajb) IM).

We will use this notation throughout when we refer to a two-body
state in J-scheme. The Kronecker ¢ function in the normalization
factor refers thus to the values of j; and jj,. If two identical
particles are in a state with the same j-value, then only even values
of the total angular momentum apply. In the notation below, when



Angular momentum algebra, two-body matrix elements

The two-body matrix element is a scalar and since it obeys
rotational symmetry, it is diagonal in J, meaning that the
corresponding matrix element in J-scheme is

<(jajb)JM|\7‘(jcjd)JM> = NapNeg Z Uamajbmb|JM>
maympmemy
X {jeMcjagmq|IM)((jamajbmp) M| \A/|(jcmcjdmd)M>a

and note that of the four m-values in the above sum, only three are
independent due to the constraint m; + mp = M = m. + my.



Angular momentum algebra, two-body matrix element

Since o
|Ubja)IM) = (=1Y= =42 (o) IM),

the anti-symmetrized matrix elements need now to obey the
following relations

(Uafs) IMIV | (jeja) IM) = (=1Y2 =4 (o) IMIV | (jeja) IM)

(Uajs) IMIV|(jefa) IM) = (=LY (i) IMIV | (jajc) IM),
(Uafb) IMIV|(jeja) IM) = (=1 tietia ((y ) IMIV | (jaje) IM) = ((ibja).

where the last relations follows from the fact that J is an integer
and 2J is always an even number.



Angular momentum algebra, two-body matrix element

Using the orthogonality properties of the Clebsch-Gordan
coefficients,

> {jamajomp| IM) (amajomp|J M) = 8 1y 6pamar,

mamyp

and

Z(jamajbmb|JM> Oam;fme|JM> = 5mam;5mbm£’7
M

we can also express the two-body matrix element in m-scheme in
terms of that in J-scheme, that is, if we multiply with

> Gambiomly| IM) el jgmly| S M)
JMJ' M’

from left in

(Uads) IMIV|(eja) IM) = NapNeg Y~ (amajomp| IM) (jemejama| M

mampmcmy



The Hartree-Fock potential

We can now use the above relations to compute the Hartre-Fock
energy in j-scheme. In m-scheme we defined the Hartree-Fock
energy as

HF O .

€pg = Opgcp + Z<P”V|Q’>AS,
i<F
where the single-particle states pgi point to the quantum numbers
in m-scheme. For a state with for example j = 5/2, this results in
six identical values for the above potential. We would obviously like
to reduce this to one only by rewriting our equations in j-scheme.
Our Hartree-Fock basis is orthogonal by definition, meaning that we
have
HF e .
ep’ =ep+ Y (pilV|pi)as,
i<F



The Hartree-Fock potential

We have )

5§F =¢€p+ Z(pi| V|pi)as,

i<F

where the single-particle states p = [np, jp, mp, t;,]. Let us assume
that p is a state above the Fermi level. The quantity ¢, could
represent the harmonic oscillator single-particle energies.
Let p — a.
The energies, as we have seen, are independent of m, and m;. We
sum now over all m, on both sides of the above equation and
divide by 2j; + 1, recalling that } = 2j, + 1. This results in

I;IF 2 +1 ZZ a/\V]a/ ASs

i<F m,




The Hartree-Fock potential

We rewrite
1 N
HF . .
€, = €5+ — g E ai|Vlai) as,
a a 2_/3 1 prd - < | | >

as

1 A i
elf = ¢, + 2ja +1 > D {Uamaiimi)MIV|(jamajimi)M) as,

njjistz; <F mima

where we have suppressed the dependence on n, and t, in the
matrix element. Using the definition

1 . . . .
Z(./amajbmbUM> {JeMcjama
NapNed M

<(jamajbmb)M| \7|(jcmcjdmd)M> =

with the orthogonality properties of Glebsch-Gordan coefficients
and that the j-coupled two-body matrix element is a scalar and
independent of M we arrive at

LS S0 1) () VG ) M) .

HF
€, = é&a+t —
2js+1 24




First order in the potential energy

In a similar way it is easy to show that the potential energy
contribution to the ground state energy in m-scheme

1 o N
5 > {Uimigim))MIV|(jimijim;)M) as,
i<F

can be rewritten as

> 3 S DG V16 s,

Jidji<F J

This reduces the number of floating point operations with an order
of magnitude on average.



Angular momentum algebra

We are now going to define two-body and many-body states in an
angular momentum coupled basis, the so-called j-scheme basis. In
this connection

» we need to define the so-called 6 and 9 symbols
» as well as the the Wigner-Eckart theorem

We will also study some specific examples, like the calculation of
the tensor force.



Angular momentum algebra, Wigner-Eckart theorem

We define an irreducible spherical tensor T;i‘ of rank \ as an
operator with 2\ + 1 components u that satisfies the commutation
relations (h = 1)

[V, TRl = VOF o)A £ 1+ 1) Ty,

and
[/, Tj] = MTQ.



Angular momentum algebra, Wigner-Eckart theorem

Our angular momentum coupled two-body wave function obeys
clearly this definition, namely

(ab) M) = {alal | [00) = Ny 3 Gamajoms | M) 0%,

maomyp

is a tensor of rank J with M components. Another well-known
example is given by the spherical harmonics (see examples during
today's lecture).

The product of two irreducible tensor operators

T2 = (apadapa Aaps) Tl T2
H1p2

is also a tensor operator of rank As.



Angular momentum algebra, Wigner-Eckart theorem

We wish to apply the above definitions to the computations of a
matrix element

(O TP,
where we have skipped a reference to specific single-particle states.
This is the expectation value for two specific states, labelled by
angular momenta J' and J. These states form an orthonormal

basis. Using the properties of the Clebsch-Gordan coefficients we
can write

TalOy) = > (A M| M"Y W),
J/IM//

and assuming that states with different J and M are orthonormal
we arrive at

(OUI TP = (Aud M'|IM) (7| W7y).



Angular momentum algebra, Wigner-Eckart theorem

We need to show that
(PmVin),

is independent of M. To show that
(OulVu).

is independent of M, we use the ladder operators for angular
momentum.



Angular momentum algebra, Wigner-Eckart theorem

We have that
(Oh1[Vini1) = (I = M)+ M+ 1)) 2 (T 0 Wiy ),
but this is also equal to
(@1 Viria) = (4 = M) + M+ 1) (@) 1T vy ),
meaning that
(D141 [Wirs1) = (OuIVig) = (Pl T ).

The double bars indicate that this expectation value is independent
of the projection M.



Angular momentum algebra, Wigner-Eckart theorem

The Wigner-Eckart theorem for an expectation value can then be
written as

(OUITRIPI) = A M|IM)Y(|| TA||07).

The double bars indicate that this expectation value is independent
of the projection M. We can manipulate the Clebsch-Gordan
coefficients using the relations

pd M| IM)Y = (=)= M A M)

and

s V2T + 1
V2A+1

together with the so-called 3 symbols. It is then normal to
encounter the Wigner-Eckart theorem in the form

(J M A\pu| IMY = (—1) (IM'J = MIX— p),



Angular momentum algebra, Wigner-Eckart theorem

The 3j symbols obey the symmetry relation

i ]2 J3 _ (_1)p Ja  Jb  Jec

my my ms3 my, mp, me )’
with (—1)P = 1 when the columns a, b, ¢ are even permutations of
the columns 1,23, p = j1 + jo + j3 when the columns a, b, ¢ are
odd permtations of the columns 1,2,3 and p = j1 + j» + j3 when all

the magnetic quantum numbers m; change sign. Their
orthogonality is given by

. h 2 B B - R - R
2(213-1-1)( my mp ms3 ) ( my  my  ms3 ) = Omumy Omarmys
Jjams
and

S (5 h BY(h R By 1
my mz m3 my my my (2j3 + 1) B

mym2



Angular momentum algebra, Wigner-Eckart theorem

For later use, the following special cases for the Clebsch-Gordan

and 3/ symbols are rather useful
(-1
<JMJ,M/|00> = ﬁéﬂx(sl\/’,\,’/.

and

&l I\, wm M /
<M&0 M’>_( RV e Yo M



Angular momentum algebra, Wigner-Eckart theorem

Using 3/ symbols we rewrote the Wigner-Eckart theorem as

J X J

J M\ — (1M I 1y
@hITeh) = 1P (G, N ) @),

Multiplying from the left with the same 3j symbol and summing
over M, i1, M’ we obtain the equivalent relation

: JoA :
J A JN\ — J-M J A dyJ
@I’ = 3 (- (0 ) Tied,
’ILL’

where we used the orthogonality properties of the 3j symbols from
the previous page.



Angular momentum algebra, Wigner-Eckart theorem

This relation can in turn be used to compute the expectation value
of some simple reduced matrix elements like

<¢J\|1r|¢f’>=2(—1>J—M< S0 )<¢x4|u¢f,>:ﬁ+1a

-M 0 M
M, M’

where we used
(1)

<JMJ/M/|OO> - ﬁdJJI(SMM/.



Angular momentum algebra, Wigner-Eckart theorem

Similarly, using

< Jo1 >:(_1)J_M M s
-M 0 M Jei+nU+y ™M
we have that
@0y = S (L Y o ek = I+
M o M) VTMUZIEM |
M, M

With the Pauli spin matrices o and a state with J =1/2, the
reduced matrix element

(lloll2) = V6.

Before we proceed with further examples, we need some other
properties of the Wigner-Eckart theorem plus some additional
angular momenta relations.



Angular momentum algebra, Wigner-Eckart theorem

The Wigner-Eckart theorem states that the expectation value for
an irreducible spherical tensor can be written as

(O TR OM) = (Aud M| IM) (&7 T||07).

Since the Clebsch-Gordan coefficients themselves are easy to
evaluate, the interesting quantity is the reduced matrix element.
Note also that the Clebsch-Gordan coefficients limit via the
triangular relation among )\, J and J’ the possible non-zero values.
From the theorem we see also that

(A M| IM)(
(Ao Mg IMo)

(OuI T o) = (O TPz )

meaning that if we know the matrix elements for say some p = ppg,
M" = M{ and M = My we can calculate all other.



Angular momentum algebra, Wigner-Eckart theorem

If we look at the hermitian adjoint of the operator T, we see via
the commutation relations that (Tﬁ\)T is not an irreducible tensor,
that is

[ (T = VA EWAF u+1)(Toe)'

and
ey ()T = —u(T)T.

The hermitian adjoint (Tli‘)T is not an irreducible tensor. As an
example, consider the spherical harmonics for | = 1 and m; = +1.
These functions are

Vi4(0.6) = ) 2 sin (0) expro,
0 \/? in(0
m, 2 1(0,0) = 875'"( ) exp —19,

and



Angular momentum algebra, Wigner-Eckart theorem

It is easy to see that the Hermitian adjoint of these two functions

Viti0.0)] = —@ sin (6) exp —19,
vitaw.0)] =/ 2@ e

do not behave as a spherical tensor. However, the modified quantity

and

713 = (_1)>\+H( Ti\,u,)T)

does satisfy the above commutation relations.



Angular momentum algebra, Wigner-Eckart theorem

With the modified quantity

A _ A A
T,u - (_1) #(T—/,L)T?

we can then define the expectation value
(O THSENT = O M/ IM) (7] T |07,

since the Clebsch-Gordan coefficients are real. The rhs is equivalent
with

d M| IMY (7| T |07 ) = (&8 (T2)T|D1),
which is equal to

(O (T)19R)) = (~1) A = pIM[I M) (& || TH||o7).



Angular momentum algebra, Wigner-Eckart theorem

Let us now apply the theorem to some selected expectation values.
In several of the expectation values we will meet when evaluating
explicit matrix elements, we will have to deal with expectation
values involving spherical harmonics. A general central interaction
can be expanded in a complete set of functions like the Legendre
polynomials, that is, we have an interaction, with rj = |r; —r}|,

[e.9]

v(rij) Z (rij)Pu(cos (),

with P, being a Legendre polynomials

P, (cos (0) = Z 2:1 Y)Y (),

We will come back later to how we split the above into a
contribution that involves only one of the coordinates.



Angular momentum algebra, Wigner-Eckart theorem

This means that we will need matrix elements of the type
VYY),
We can rewrite the Wigner-Eckart theorem as

YIIYMIYD = " dm) ! ml )Y Y,
my

This equation is true for all values of 6 and ¢. It must also hold for
6 =0.



Angular momentum algebra, Wigner-Eckart theorem

We have
YIYAYD =3 Oudml| ' m ) YY)
my

and for 8 = 0, the spherical harmonic
2/ +1
I(p_ _ ./
Ym(e - O, ¢) - A 5m07

(21 +1)(2A+1)
4m(2l"+1)

which results in

/
YA Y z{ }1 2<A0/oy/’o>.



Angular momentum algebra, Wigner-Eckart theorem

Till now we have mainly been concerned with the coupling of two
angular momenta j, and jj, to a final angular momentum J. If we
wish to describe a three-body state with a final angular momentum
J, we need to couple three angular momenta, say the two momenta
Ja, jb to a third one j.. The coupling order is important and leads to
a less trivial implementation of the Pauli principle. With three
angular momenta there are obviously 3! ways by which we can
combine the angular momenta. In m-scheme a three-body Slater
determinant is represented as (say for the case of 1?0, three
neutrons outside the core of 60),

[°0) = |(abe) M) = alalal[**0) = &),
The Pauli principle is automagically implemented via the
anti-commutation relations.



Angular momentum algebra, Wigner-Eckart theorem

However, when we deal the same state in an angular momentum
coupled basis, we need to be a little bit more careful. We can
namely couple the states as follows

‘(Ua _>jb]Jab _>JC)J> = Z Uamajbmb’JabMab> <JabMabjcmc’JM> Uam

mampmc

that is, we couple first j, to jj, to yield an intermediate angular
momentum J,p, then to j. yielding the final angular momentum J.



Angi\‘ular momentum algebra, Wiginer—Eckart theorem
ow, nothing hinders us from recoupling this state by coupling jj

to j¢, yielding an intermediate angular momentum Jp. and then
couple this angular momentum to j,, resulting in the final angular
momentum J'.

That is, we can have

(.ja — Ub —>jc]ch)J> = Z meg;jcm,c‘-/bchJUam;chMch/M/)|(D

/ / /
mf,mymg

We will always assume that we work with orthornormal states, this
means that when we compute the overlap betweem these two
possible ways of coupling angular momenta, we get

(Ua = Uib = Jeldbe) I M'[(Ua = bl Jab = je)IMY =01p6pmar > {ama,

mampme
(2)
X mebjcmc ’ch Mbc>

(3)



Angular momentum algebra, Wigner-Eckart theorem

We use then the latter equation to define the so-called 6/-symbols

(Ua = Ub = el Ibe) I M'|(a = bl dab = Je)IM) = 8 1pdpmmr Z {Jz

mampme

X mebjcmc |chM
— (_1)Ja+1b+JC+J\/E

where the symbol in curly brackets is the 65 symbol. A specific
coupling order has to be respected in the symbol, that is, the
so-called triangular relations between three angular momenta needs
to be respected, that is

U e T T U



Angular momentum algebra, Wigner-Eckart theorem

The 6/ symbol is invariant under the permutation of any two
columns

{jl J2 j3}_{jz ;1 j3}_{]1 IE! jz}_{]é J2 j1}
Ja Js J Js Ja Je Ja Jo Js Jo J5 Ja
The 6 symbol is also invariant if upper and lower arguments are
interchanged in any two columns

{jl J2 13}_{14 Js j3}_{]1 Js j6}_{j4 J2 je}
Ja Js Je a2 Js Ja Jj2 J3 a U5 U3



Testing properties of 6j symbols

The above properties of 6j symbols can again be tested using the
symbolic python package wigner. Let us test the invariance

{jl P2 13} _ {12 il js}
Ja Js Jo Js Ja JeJ
The following program tests this relation for the case of j; = 3/2,

2=3/2,3=3,ja=1/2,j5=1/2, je=1
from sympy import S
from sympy.physics.wigner import wigner_6j
# Twice the values of all js

P OWwWwNOWw

""" The triangular relation has to be fulfilled """

print wigner_6j(S(j1)/2, S(j2)/2, j3, S(j4)/2, S(j5)/2, j6)
rrr Swapping columns 1 <==> 2 """

print wigner_6j(S(j2)/2, S(j1)/2, j3, S(j5)/2, S(j4)/2, j6)



Angular momentum algebra, Wigner-Eckart theorem

The 6 symbols satisfy this orthogonality relation

. . . . . . 5
- A b2 B\[A L
2js+1) ¢ 2 BLYIL Sz .
Y (23+ ){ }{ ,} e +1{J1,Js,16}{14,12,16}

- Ja J5 J6 Ja 5 Js
J3

The symbol {jij2j3} (called the triangular delta) is equal to one if
the triad (jijoj3) satisfies the triangular conditions and zero
otherwise. A useful value is given when say one of the angular
momenta are zero, say Jp. = 0, then we have

{ Ja b Jab } (LYt eg 6,
Je S0 V(2 + D)2 +1)




Angular momentum algebra, Wigner-Eckart theorem

With the 6 symbol defined, we can go back and and rewrite the
overlap between the two ways of recoupling angular momenta in
terms of the 6/ symbol. That is, we can have

Ua = Lib = Jeldoc)IM) = > (1Yot tiet) /(2 + 1) (2Jpe + 1) { j
Jab c

Can you find the inverse relation? These relations can in turn be
used to write out the fully anti-symmetrized three-body wave
function in a J-scheme coupled basis. If you opt then for a specific
coupling order, say |([ja = Jjb]Jab — Jc)IM), you need to express
this representation in terms of the other coupling possibilities.



Angular momentum algebra, Wigner-Eckart theorem

Note that the two-body intermediate state is assumed to be
antisymmetric but not normalized, that is, the state which involves
the quantum numbers j, and j,. Assume that the intermediate
two-body state is antisymmetric. With this coupling order, we can
rewrite ( in a schematic way) the general three-particle Slater
determinant as

®(a, b, c) = Al(la = JolJab = Je)J),

with an implicit sum over J,,. The antisymmetrization operator A
is used here to indicate that we need to antisymmetrize the state.
Challenge: Use the definition of the 6 symbol and find an explicit
expression for the above three-body state using the coupling order

|(Ua = Jb]Jab = Je)J)-



Angular momentum algebra, Wigner-Eckart theorem

We can also coupled together four angular momenta. Consider two
four-body states, with single-particle angular momenta j,, jp, jc and
Jjd4 we can have a state with final J

|®(a, b, ¢, d))1 = [([ja = Jbldab X lic = ja]Jea)IM),

where we read the coupling order as j, couples with j, to given and
intermediate angular momentum J,,. Moreover, j. couples with jg
to given and intermediate angular momentum J.y. The two
intermediate angular momenta J,, and Jo4 are in turn coupled to a
final J. These operations involved three Clebsch-Gordan
coefficients.

Alternatively, we could couple in the following order

|®(a, b, ¢, d))2 = |([ja = Je|dac % [ib — ja]Iba)IM),



Angular momentum algebra, Wigner-Eckart theorem

The overlap between these two states
((Ua = Jeldac x Ub = JalIba)IM|(Ua — Jbldab X Lic — jd]ded)IM),

is equal to

Z Uamajbmb’JabMab> Ucmcjdmd ’ch Mcd> <JabMachd Mcd‘JM>
m;M;;

X Uamajcmc |Jac Mac> mebjdmdUcd Mbd> <Jac MacIpg Mpg ’JM> (5)

Ja Jb Jab
= V(2op + 1) (2Jeg +1)(2Jac + D)2Ipg + 1) Jo  Jog Jed ¢,
Jac de J

with the symbol in curly brackets {} being the 9j-symbol. We see
that a 65 symbol involves four Clebsch-Gordan coefficients, while
the 9 symbol involves six.



Angular momentum algebra, Wigner-Eckart theorem

A 9/ symbol is invariant under reflection in either diagonal

o2 3 1 oJa g7 Jo J6 J3
Ja Js Jep =142 Js Jgp =1AJ8 J5 J2
J1 Js Jo J3 J6 Jo J1 Ja 1

The permutation of any two rows or any two columns yields a
phase factor (—1)°, where

9
S=> j.
i=1

As an example we have

h 2 3 . Ja J5 Js . 2 13
Ja s Jop=(1)<h o pp=(-1)<Js Js Jo
J7 J8 Jo J7 J8 Jo J8 Jr Jo



Angular momentum algebra, Wigner-Eckart theorem

A useful case is when say J =0 in

. . J . .
j-j j: Jj: _ 6Jachd5Jachd (_1)jb+Jab+jc+JaC {J.a J.b
Jic Jbg O \/(2J2b + 1)(2Jac + 1) Jd Jc



Angular momentum algebra, Wigner-Eckart theorem

The tensor operator in the nucleon-nucleon potential is given by

(ISJ|S12|I'S' Sy = (—=)°+71/30(2/ + 1)(2/ + 1)(2S + 1)(2S’ + 1)

{JS’ //}(//2/) K% S

N s3 s4 S

2 | S 000 s
x(s1||o1]|s3)(s2||o2||sa),

and it is zero for the 1Sy wave.
How do we get here?



Angular momentum algebra, Wigner-Eckart theorem

To derive the expectation value of the nuclear tensor force, we
recall that the product of two irreducible tensor operators is

Wr;, = Z <Pmpqmq’rmr> TrI;p Uqua

mpmq

and using the orthogonality properties of the Clebsch-Gordan
coefficients we can rewrite the above as

TE, U, = D (pmpgme|rm )Wy, .

mpMmq

Assume now that the operators T and U act on different parts of
say a wave function. The operator T could act on the spatial part
only while the operator U acts only on the spin part. This means
also that these operators commute. The reduced matrix element of
this operator is thus, using the Wigner-Eckart theorem,

li
N — NS gm0



Angular momentum algebra, Wigner-Eckart theorem
Starting with

(Uadn) MW Geja) ) = > (_1)J_M( Mo Jl)

e M m M
yHHry

< {Galo M| [ T8, U] 1Geia) I M),

we assume now that T acts only on j, and j. and that U acts only
on jp and jg. The matrix element

(UaipIM| [TH, U] |(jcja))'M') can be written out, when we

insert a complete set of states |j;m;j;m;)(jim;jm;| between T and
U as

Uaio M| [ T2, U8, ] 1) I M) = S pmpamalrmy) Gamaisms| IM)

mj

r r
% (Gamaism| | T2, ] 1emejoms)){(emejsmol |UZ, | |(emejama)).

—_— .



Angular momentum algebra, Wigner-Eckart theorem

Combining the last two equations from the previous slide and and
applying the Wigner-Eckart theorem, we arrive at (rearranging
phase factors)

Uai) W N1 Gedo) ) = VI F D@+ DT +1) Y ( o

m; M, M’

% Ja Jb J Je Jd J P q r
/
m;, mp —M -m: —myg M -mp —mg m,

S G | A [ R AT

my —mMmc —mp my —Mmy

which can be rewritten in terms of a 9j symbol as

(Ualp) W NUeja) ') = v/(2J +1)(2r + 1)(2J" + 1) (Gl TP |Ljc) Gall UL



Angular momentum algebra, Wigner-Eckart theorem

From this expression we can in turn compute for example the
spin-spin operator of the tensor force.

In case r = 0, that is we two tensor operators coupled to a scalar,
we can use (with p = q)

oy -
j'c j‘Z J oy = 0179pq (—1)Hict2J {Ja Jo J }
b p 0 VRI+1)(2J+1) Jd Je P
and obtain

(Uals) WO Geja) ) = (= 1Y 2 Gl TP i) Gl | UP i) {fd fb ;}



Angular momentum algebra, Wigner-Eckart theorem

Another very useful expression is the case where the operators act
in just one space. We state here without showing that the reduced
matrix element

GalIW" i)y = Gall [TP x T |jb) = (— 1)]a+]b+rm2{jb Ja

P g Je

X Uall TP1Lje) el T Ljb)-



Angular momentum algebra, Wigner-Eckart theorem

The tensor operator in the nucleon-nucleon potential can be written
as

_3 ) 271©
V=5lmoa®elre ]0

Since the irreducible tensor [r ® r](2) operates only on the angular
quantum numbers and [0 ® 02](2) operates only on the spin states
we can write the matrix element

(ISJ|V|ISJ) (1SJ] [[al 2@ ore r](2)](()0) 1I'S'J)
IS J
ol S bairea®in

(S| [o1 ® 2] [|S")



Angular momentum algebra, Wigner-Eckart theorem

We need that the coordinate vector r can be written in terms of
spherical components as

47
a — —Y «
r r 3 1
Using this expression we get
47
rel? = ?r22<1a1,8|2u>Y1aY15

a?/B



Angular momentum algebra, Wigner-Eckart theorem

The product of two spherical harmonics can be written as

2/1 + 1)(2/2 + 1)(2/ + 1) b /
Yium: Yioms = Z \/ 47 m m m

hoh | -




Angular momentum algebra, Wigner-Eckart theorem

Using this relation we get

rod? = Varry S (1a1p)2u)

Im «,8
(-)t=m /11 m
x<1a1ﬁ|l—m)ﬁ 00 0 Yi—m(—1)
— 112

/2
= \/47Tr2 T5Y2_“



Angular momentum algebra, Wigner-Eckart theorem

We can then use this relation to rewrite the reduced matrix element
containing the position vector as

Uired® ) = m@wm

2 QI+1)52r+1) (1 2 I
- \/ﬂ\/;ﬂ(—l)’\/ ar <0 00




Angular momentum algebra, Wigner-Eckart theorem

Using the reduced matrix element of the spin operators defined as

S1 S S
(S]] [or @ 02]@ ISy = ¢(25+1)(25/+1)5{ 53 s s'}
1 1 2

X (s1]|o1]|s3)(s2|o2]|sa)

and inserting these expressions for the two reduced matrix elements
we get

(ISUIV|I'S'Jy = (=1)°+1\/30(21 + 1)(2/ + 1)(2S + 1)(2S" + 1)
S

><{/SJ}</2/'> 21 ? o
/ 3 S4
s 2 000 >t

x(s1||o1]|s3)(s2||o2||sa)-



Angular momentum algebra, Wigner-Eckart theorem

Normally, we start we a nucleon-nucleon interaction fitted to
reproduce scattering data. It is common then to represent this
interaction in terms relative momenta k, the center-of-mass
momentum K and various partial wave quantum numbers like the
spin S, the total relative angular momentum 7, isospin T and
relative orbital momentum / and finally the corresponding
center-of-mass L. We can then write the free interaction matrix V

as
(kKILTST|V|K'KI'LTS'T).

Transformations from the relative and center-of-mass motion
system to the lab system will be discussed below.



Angular momentum algebra, Wigner-Eckart theorem

To obtain a V-matrix in a h.o. basis, we need the transformation
(nNILTST|V|n'N'I'L' 7S'T),

with n and N the principal quantum numbers of the relative and
center-of-mass motion, respectively.

|nINLTST) = / k*K2dkdKRy (V2ak)Ryi(v/1/2aK) | KIKLT ST).

The parameter « is the chosen oscillator length.



Angular momentum algebra, Wigner-Eckart theorem

The most commonly employed sp basis is the harmonic oscillator,
which in turn means that a two-particle wave function with total
angular momentum J and isospin T can be expressed as

|(nalaja)(Nblbjp)JT) = > ) F x (ab|ASJ)
V(1+512 ASJ nNIL
<L 1 A
_{YHT-L-S
x(—1) )\{ s j}

x (nINL|nalanplp) |nINLT ST),

where the term (nINL|n,l,nplp) is the so-called Moshinsky-Talmi
transformation coefficient (see chapter 18 of Alex Brown's notes).



Angular momentum algebra, Wigner-Eckart theorem

The term (ab|LSJ) is a shorthand for the LS — jj transformation
coefficient,

A Ia sa ja
(ab\)\SJ> :jajb)\S /b Sp jb .
A S J
Here we use X = v/2x + 1. The factor F is defined as

F:%ifsa:sbandwe.



Angular momentum algebra, Wigner-Eckart theorem

The V-matrix in terms of harmonic oscillator wave functions reads

(T = Yy G

ANSS' T nin'I' NN L (1 + 5ab)(1 + 5cd)

x (ab|ASJ)(cd|N'S'J) (nINL|nalanplpX) (n'I'NL|nclenglyA')

s wersr [ LT AL X
xJ(=1) {SJJ}{SJJ}

< (nNILTST|V|d'N'I'L' 7S'T).

The label a represents here all the single particle quantum numbers

Nalaja.



