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Quantum numbers

Outline.

e Discussion of single-particle and two-particle quantum numbers, uncoupled
and coupled schemes

e Discussion of angular momentum recouplings and the Wigner-Eckart theo-
rem

e Applications to specific operators like the nuclear two-body tensor force

For quantum numbers, chapter 1 on angular momentum and chapter 5 of Suhonen
and chapters 5, 12 and 13 of Alex Brown. For a discussion of isospin, see for
example Alex Brown’s lecture notes chapter 12, 13 and 19.

Motivation

When solving the Hartree-Fock project using a nucleon-nucleon interaction in
an uncoupled basis (m-scheme), we found a high level of degeneracy. One sees
clear from the table here that we have a degeneracy in the angular momentum
J, resulting in 2j + 1 states with the same energy. This reflects the rotational
symmetry and spin symmetry of the nuclear forces.
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Quantum numbers Energy [MeV]

057 5 ~10.4602
05, -40.4602
0}, -40.6426
0Y -40.6426
0p7 3 6.7133
0p7 -6.7133
ot s40s
P12 -0.
Opgj2 -11.5886
0p3 115886
Opg/2 -11.5886
0p§/2 -11.5886
0pt -11.7201
0pY -11.7201
0pY -11.7201
0pt -11.7201

We observe that with increasing value of j the degeneracy increases. For j = 3/2
we end up diagonalizing the same matrix four times. With increasing value of j,
it is rather obvious that our insistence on using an uncoupled scheme (or just
m-scheme) will lead to unnecessary labor from our side (or more precisely, for
the computer). The obvious question we should pose ourselves then is whether
we can use the underlying symmetries of the nuclear forces in order to reduce
our efforts.

Single-particle and two-particle quantum numbers

In order to understand the basics of the nucleon-nucleon interaction and the
pertaining symmetries, we need to define the relevant quantum numbers and
how we build up a single-particle state and a two-body state, and obviously our
final holy grail, a many-boyd state.

e For the single-particle states, due to the fact that we have the spin-orbit
force, the quantum numbers for the projection of orbital momentum [, that
is my, and for spin s, that is mg, are no longer so-called good quantum
numbers. The total angular momentum j and its projection m; are then
so-called good quantum numbers.

e This means that the operator J2 does not commute with f/z or 5’2.

e We also start normally with single-particle state functions defined using
say the harmonic oscillator. For these functions, we have no explicit
dependence on j. How can we introduce single-particle wave functions
which have j and its projection m; as quantum numbers?



Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

We have that the operators for the orbital momentum are given by
0
L, =—ihy— —2z2—) = -

L, 0 0
L,= —zh(z—x - x—z) = 2Py — TPz,

0 15)
. 0 0
L,= —%h(xafy - y%) = TPy — YD

Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

Since we have a spin orbit force which is strong, it is easy to show that the
total angular momentum operator

J=L+38
does not commute with f/z and S’z. To see this, we calculate for example
(L., 7] = (L., (L+5)7 (1)
= [L.,L*+ 5% +2LS]
= [L.,LS]=[L.,LySs + LSy + L.S.] #0,

since we have that [L., L,| = ihL, and [L., L,] = ihL,.

Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

We have also .
|J| = A/ J(J + 1),
with the the following degeneracy
My=—-J,-J+1,...,J—-1,J.

With a given value of L and S we can then determine the possible values of J
by studying the z component of J. It is given by

J,=1L,+85,.
The operators ﬁz and S’z have the quantum numbers L, = Mph and S, = Mgh,
respectively, meaning that
Mjh = Mph+ Mgh,

or

My = My + Mg.
Since the max value of M, is L and for Mg is S we obtain

(MJ)maks =L + S.



Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

For nucleons we have that the maximum value of Mg = ms = 1/2, yielding

1
(M )max =L+ 9

Using this and the fact that the maximum value of M; = m; is j we have

1 1

5
=14, 0— =
.] +27 27

3
=5l G

To decide where this series terminates, we use the vector inequality
L+ 8] > \|ﬁ| ~181].

Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

Usingfzﬁ—&—é’we get, . . .
|J[ = [L] =[S,

or

|J| = i/J(J +1) > |h/L(L+1) — hy/S(S +1)|.

Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

If we limit ourselves to nucleons only with s = 1/2 we find that

|| =150 +1) > /10 +1) — =y /= (5 + 1))

| —
|~

It is then easy to show that for nucleons there are only two possible values of j
which satisfy the inequality, namely

'——l—i—l '——l—l
Zor -
J 20,7 9’

and with [ = 0 we get

J= 9

Single-particle and two-particle quantum numbers, brief re-
view on angular momenta etc

Let us study some selected examples. We need also to keep in mind that parity

is conserved. The strong and electromagnetic Hamiltonians conserve parity.
Thus the eigenstates can be broken down into two classes of states labeled by



their parity @ = 4+1 or m = —1. The nuclear interactions do not mix states with
different parity.

For nuclear structure the total parity originates from the intrinsic parity of
the nucleon which is Tintrinsic = +1 and the parities associated with the orbital
angular momenta m; = (—1)! . The total parity is the product over all nucleons
7 = [, Mintrinsic ())m (i) = [T,(~1)"

The basis states we deal with are constructed so that they conserve parity
and have thus a definite parity.

Note that we do have parity violating processes, more on this later although
our focus will be mainly on non-parity viloating processes

Single-particle and two-particle quantum numbers

Consider now the single-particle orbits of the 1s0d shell. For a 0d state we
have the quantum numbers [ = 2, m; = —2,-1,0,1,2, s + 1/2, my = £1/2,
n = 0 (the number of nodes of the wave function). This means that we have
positive parity and

2 J 27 272’2
and
i sy 53 1135
2 J 27 27 2727272

Single-particle and two-particle quantum numbers

Our single-particle wave functions, if we use the harmonic oscillator, do however
not contain the quantum numbers j and m;. Normally what we have is an
eigenfunction for the one-body problem defined as

¢nlmlsmS (Ta 07 ¢) = Rnl (T)Y}ml (97 ¢)£sms7

where we have used spherical coordinates (with a spherically symmetric potential)
and the spherical harmonics

Q@+ 1) =)t

lﬁml(e,qb):P(e)F(qb):\/ T+ )] !lel(cos(e))exp(iml(b),

with P/ being the so-called associated Legendre polynomials.

Single-particle and two-particle quantum numbers
1
Yoo =4/ s
3
Yi0 = \/Ecos(ﬂ),

Examples are

for l =m; =0,



for { =1 and m; =0,

Yig1 = \/%Siﬂ(@)exp(:tiqﬁ),
Yoo = i(3 20)—1)
207\ 167 0"

Single-particle and two-particle quantum numbers

for I =1 and m; = +1,

for I = 2 and m; = 0 etec.

How can we get a function in terms of j and m;? Define now

¢nlmlsms (7", 07 ¢) = Rnl (T)}/}ml (97 d))gsmsv

and
¢njm_¢;lmlsms (T.7 93 ¢)7

as the state with quantum numbers jm;. Operating with
P=0+82=P+58+20.8. +1,5 +1_ 354,

on the latter state we will obtain admixtures from possible @pim,sm. (7,60, @)
states.

Single-particle and two-particle quantum numbers

To see this, we consider the following example and fix

.3 3

j=-=1-s mj = 5.
and

'—§—l—|—5 m-—§

7=57 =y

It means we can have, with [ = 2 and s = 1/2 being fixed, in order to have
m; = 3/2 either m; = 1 and ms = 1/2 or m; = 2 and my; = —1/2. The two
states

'l/)n=0j=5/2mj=3/2;l=23=1/2
and

Yn=0j=3/2m;=3/2;1=2s=1/2
will have admixtures from ¢, —o1—2m,=2s=1/2m,=—1/2 a0d Gp—01=2m;=15=1/2m,=1/2-
How do we find these admixtures? Note that we don’t specify the values of m;
and m, in the functions # since j2 does not commute with L, and S,.



Single-particle and two-particle quantum numbers

We operate with
P=(+82=P+8+20.5. +1,5_ +1 5,

on the two jm; states, that is

. 3
T Un—0j=s/2m,—3/21=25=1/2 = Qh? [l(l+1)+Z+2mlms]¢n:0l:2ml:25:1/2m52—1/2+

5h2 \/l(l +1) —my(my — 1)¢n:01:2m,:15:1/2ms:1/27

and

N 3
12¢n:0j:3/2mj:3/2;1:25:1/2 = ah® [l(l+1)+Z"’lems]+¢n:0l:2mlzls:1/2m5:1/2+

BRZ/I(1+ 1) — my(my + 1) Gp—oi=2m,=25=1/2m.——1/2-

Single-particle and two-particle quantum numbers

This means that the eigenvectors ¢, —gi=2m,=2s=1/2m,=—1/2 €tc are not eigen-
vectors of 2. The above problems gives a 2 X 2 matrix that mixes the vectors

Vn=0j=5/2m,;3/2;1=2m;s=1/2m, a0d Vn—0j=3/2m,3/2;1=2m;s=1/2m, With the states
¢n:0l:2ml:2521/2ms:—1/2 and ¢n:0l:2ml:ls:1/2mszl/2' The unknown coeffi-
cients a and [ are the eigenvectors of this matrix. That is, inserting all values
my,l, mg, s we obtain the matrix

[ 192/4 312/4 ]

whose eigenvectors are the columns of

[2/\/5 1/\/5]
1/v5 —2/V5

These numbers define the so-called Clebsch-Gordan coupling coefficients (the
overlaps between the two basis sets). We can thus write

"/}njm»;ls = <lml3ms|jmj>¢nlmlsmsa
J

mpms

where the coefficients (Im;sms|jm; ) are the so-called Clebsch-Gordan coefffi-
cients.



Clebsch-Gordan coefficients

The Clebsch-Gordan coeffficients (lm;sms|jm;) have some interesting proper-
ties for us, like the following orthogonality relations

> (imagama| TM) (jimajama| T M) = 65,5600,

mimo
j1m1j2m2 j1m1j2m2 = Omy,m/ Omo,m’>
( | JM) (i joma| T M) = my ) Oms ms,
JM
Jimajamsa = (=1)" T2 (jamajimy ;
( |JM) = (1) 4727 |JM)

and many others. The latter will turn extremely useful when we are going to
define two-body states and interactions in a coupled basis.

Clebsch-Gordan coefficients, testing the orthogonality rela-
tions

The orthogonality relation can be tested using the symbolic python package
wigner. Let us test

Z (jimajome| J M) (jimajama|J' M') = 65 1160,

mima2

The following program tests this relation for the case of j; = 3/2 and jo = 3/2
meaning that my and mg run from —3/2 to 3/2.
from sympy import S

from sympy.physics.wigner import clebsch_gordan
# Twice the values of 71 and j2

j1 =23
j2 =3
J=2
Jp = 2
M=2
Mp = 3
sum = 0.0

for ml in range(-j1, ji+2, 2):
for m2 in range(-j2, j2+2, 2):
M = (m1+m2)/2.
mn-Call g1, j2, J, ml, m2, mi+m2 """
sum += clebsch_gordan(S(j1)/2, S(j2)/2, J, S(m1)/2, S(m2)/2, M)*clebsch_gordan(S(j1)/2, S
print sum

Quantum numbers and the Schroeodinger equation in rela-
tive and CM coordinates

Summing up, for for the single-particle case, we have the following eigenfunc-
tions

wnjmj;ls = Z <lml3ms|jmj>¢nlmlsm5a

mpms



where the coefficients (Im;sms|jm; ) are the so-called Clebsch-Gordan coefffi-
cients. The relevant quantum numbers are n (related to the principal quantum
number and the number of nodes of the wave function) and

52wnjmj;ls = h2j(] + 1)wnj’mj;ls;

jz/l/}"jmj?ls = hmjw'nj'rnj;ls7
Z‘zwnjm]';ls = hzl(l + 1)¢njmj;lm
§21/1njmj;ls = hQS(S + 1)w’njmj;lsa

but s, and [, do not result in good quantum numbers in a basis where we use
the angular momentum j.

Quantum numbers and the Schroedinger equation in rela-
tive and CM coordinates

For a two-body state where we couple two angular momenta j; and js to a final
angular momentum J with projection M ;, we can define a similar transformation
in terms of the Clebsch-Gordan coeffficients

¢(.j1j2)JA4J: Z <jlmjlj2mjz"]MJ>¢n1j1mh;llsl¢n2jgmj2;l252-
Mg Mo

We will write these functions in a more compact form hereafter, namely,

|(j1je) I M) = ¢(471472)JMJ7
and
‘]Zm]7> = qunijimji;lisi?
where we have skipped the explicit reference to I, s and n. The spin of a nucleon
is always 1/2 while the value of [ can be deduced from the parity of the state.

It is thus normal to label a state with a given total angular momentum as j7,
where m = £1.

Quantum numbers and the Schroedinger equation in rela-
tive and CM coordinates

Our two-body state can thus be written as
|Grg2) IMy) = > (imy, jam, | TM)|jimy, )| jam;, ).
My Mo

Due to the coupling order of the Clebsch-Gordan coefficient it reads as j; coupled
to jo to yield a final angular momentum J. If we invert the order of coupling we
would have

|Ga)) TMy) =Y (Gamyy jamy, [TM)|jimg, ) jam;, ),

M1 Mg



and due to the symmetry properties of the Clebsch-Gordan coefficient we have

|Got)TMy) = (=127 N (ymy, jomg, [T M) jimy, ) damy,) = (=172 (j1da) TM ).

M1 Mo

We call the basis |(j1j2)J M) for the coupled basis, or just j-coupled ba-
sis/scheme. The basis formed by the simple product of single-particle eigenstates
|[71mj, )|j2m;,) is called the uncoupled-basis, or just the m-scheme basis.

Quantum numbers

We have thus the coupled basis

|Grg2) IMy) = > (img, jam, | TM) | jimy, )| jam, ).

My Mo

and the uncoupled basis

‘jlmh > ‘ijj2>'
The latter can easily be generalized to many single-particle states whereas the
first needs specific coupling coefficients and definitions of coupling orders. The

m-~scheme basis is easy to implement numerically and is used in most standard
shell-model codes. Our coupled basis obeys also the following relations

T2 (jrjz) M)y = B2 J(J + 1)|(jrja) T M)

J:|(j1j2) M sy = hM|(j1j2) I M),

Components of the force and isospin

The nuclear forces are almost charge independent. If we assume they are, we
can introduce a new quantum number which is conserved. For nucleons only,
that is a proton and neutron, we can limit ourselves to two possible values which
allow us to distinguish between the two particles. If we assign an isospin value
of 7 = 1/2 for protons and neutrons (they belong to an isospin doublet, in the
same way as we discussed the spin 1/2 multiplet), we can define the neutron
to have isospin projection 7, = +1/2 and a proton to have 7, = —1/2. These
assignements are the standard choices in low-energy nuclear physics.

Isospin

This leads to the introduction of an additional quantum number called isospin.
We can define a single-nucleon state function in terms of the quantum numbers
n, j, mj, l, s, 7 and 7,. Using our definitions in terms of an uncoupled basis, we
had

wnjmj;ls = Z <lml5ms|jmj>¢nlmlsmsa

mims

10



which we can now extend to

,lzbnjm‘;lngTz = <l7nl57ns|j7nj>¢nl1nlsn1S ETTZ )
J

mimes

with the isospin spinors defined as

1
fT:l/ZTz:Jrl/Q = < 0 )7

0
67’:1/27’;:71/2 = ( 1 )

We can then define the proton state function as

and

56 = bugmas) ().

and similarly for neutrons as
n 1
P (r) = ¢anj;IS(r) ( 0 ) .

Isospin

We can in turn define the isospin Pauli matrices (in the same as we define the

spin matrices) as
. (01
T.'.E - 1 0 )
N 0 —
W=\ 0 )
. 1 0
==\ o -1 )

and operating with 7, on the proton state function we have

and

#2(r) = — 307 (r),

and for neutrons we have 1

FO"(r) = JU"(r).

11



Isospin

We can now define the so-called charge operator as

Q 1 X 00
e:2(1_TZ):{0 1}’

which results in

Dyrir) = v (r),
and R
Dyr(ey =0,

as it should be.

Isospin

The total isospin is defined as

A
T:ZA'L'7

%

Il
—

and its corresponding isospin projection as

T, =

3,\_2>

s
I
—

with eigenvalues T'(T + 1) for T and 1/2(N — Z) for T, where N is the number
of neutrons and Z the number of protons.

If charge is conserved, the Hamiltonian H commutes with 7, and all members
of a given isospin multiplet (that is the same value of T') have the same energy
and there is no T, dependence and we say that H is a scalar in isospin space.

Angular momentum algebra, Examples

We have till now seen the following definitions of a two-body matrix elements
with quantum numbers p = j,m, etc we have a two-body state defined as

[(pg) M) = afal|®o),

where |®g) is a chosen reference state, say for example the Slater determinant
which approximates 0 with the 0s and the Op shells being filled, and M =
my + mg. Recall that we label single-particle states above the Fermi level as
abed . .. and states below the Fermi level for ijkl.... In case of two-particles in
the single-particle states a and b outside '°0 as a closed shell core, say 20, we
would write the representation of the Slater determinant as

'%0) = |(ab)M) = afaf|'°0) = |2").

12



In case of two-particles removed from say 160, for example two neutrons in the
single-particle states ¢ and j, we would write this as

M0) = (i) M) = a;a;|'°0) = [®y;).

Angular momentum algebra and many-body states
For a one-hole-one-particle state we have
"°0)1p1n = |(ad) M) = aja;|'°0) = |@f),
and finally for a two-particle-two-hole state we
150 ap0n = |(abij)M) = afaja;a;|'90) = |@¢7).
Angular momentum algebra, two-body state and anti-symmetrized

matrix elements

Let us go back to the case of two-particles in the single-particle states a and
b outside 60 as a closed shell core, say '20. The representation of the Slater
determinant is
1°0) = |(ab)M) = ala}|"°0) = ).

The anti-symmetrized matrix element is detailed as
((ab)M|V|(cd)M) = ((jamajoms) M = mq +my|V|(jemejama) M = mq +my),
and note that anti-symmetrization means
{(ab)M|V|(cd)M) = —((ba) M|V|(cd) M) = {(ba) M|V |(de) M),
{(ab)M|V|(cd)M) = —((ab)M|V|(de)M).

Angular momentum algebra, Wigner-Eckart theorem, Ex-
amples

This matrix element is given by

1 .
<160|abaa1 Z((pq)M|V|(rs)M’)a;aZasaralaLPGO).

pqrs

We can compute this matrix element using Wick’s theorem.

13



Angular momentum algebra, Wigner-Eckart theorem, Ex-
amples
We have also defined matrix elements in the coupled basis, the so-called

J-coupled scheme. In this case the two-body wave function for two neutrons
outside 00 is written as

J
150y = |(ab)Ja) = {alal} [°0) = Nup 3 (amajsml.JM)|2),
Mg My
with
%) = afal|100).
We have now an explicit coupling order, where the angular momentum j, is

coupled to the angular momentum j, to yield a final two-body angular momentum
J. The normalization factor is

5 6 x (1)
1+6ab

Nab =

Angular momentum algebra

We note that, using the anti-commuting properties of the creation operators,
we obtain

Nap D Gamajsms| JM)|[ @) = =Ny Y (jamajsmy|JM)|@").

MagMp MaMp

Furthermore, using the property of the Clebsch-Gordan coefficient
<jamajbmb|JM >= (_l)ja+jb_J<jbmbjama|JM>7

which can be used to show that

J
(g IM) = {afal} 11°0) = Now D Gimnojamal J3)|2),

MaMp

is equal to o
|(Goga) TM) = (=1)7 =T (G o) TM).

Angular momentum algebra, Wigner-Eckart theorem, Ex-
amples

The implementation of the Pauli principle looks different in the J-scheme
compared with the m-scheme. In the latter, no two fermions or more can have
the same set of quantum numbers. In the J-scheme, when we write a state with
the shorthand

1%0)s = |(ab)J M),

14



we do refer to the angular momenta only. This means that another way of
writing the last state is
1*°0) s = (Jads) T M).

We will use this notation throughout when we refer to a two-body state in
J-scheme. The Kronecker § function in the normalization factor refers thus to
the values of j, and j,. If two identical particles are in a state with the same
j-value, then only even values of the total angular momentum apply. In the
notation below, when we label a state as jj, it will actually represent all quantum
numbers except my,.

Angular momentum algebra, two-body matrix elements

The two-body matrix element is a scalar and since it obeys rotational symmetry,
it is diagonal in J, meaning that the corresponding matrix element in J-scheme
is

<(.7a.7b)JM|V|(Jc]d)JM> = NapNea Z <jamajbmb|JM>

MaMpMecMyg

X <jcmcjdmd|JM> <(jamajbmb)M‘V‘ (jcmcjdmd)M>,
and note that of the four m-values in the above sum, only three are independent
due to the constraint m, + my = M = m, + mq.
Angular momentum algebra, two-body matrix element

Since
|(jbja) TM) = (=1)7= =74 (G, 3y) T M),

the anti-symmetrized matrix elements need now to obey the following relations
((Gado) TM|V |(jeja) IM) = (=1)% =T (oo ) TM|V |(Geja) T M),

((Jajo) IM|V|(jeja) TM) = (=LY H94= TN (o jo) IM|V | (jaje) T M),
((Gads) M|V | (Geja) TM) = (=159 ) T MV | (jaje) TM) = ((Goja) TM|V |(jaje) T M),

where the last relations follows from the fact that J is an integer and 2J is
always an even number.

Angular momentum algebra, two-body matrix element

Using the orthogonality properties of the Clebsch-Gordan coefficients,

> Gamadsmel T M) Gamagsme| ] My = 6,550 0n7,

mMeMmyp

and
Z<jamajbmb‘JM> <]amg]bmg)|JM> = 6mam§l 5mbm;77
JM

15



we can also express the two-body matrix element in m-scheme in terms of that
in J-scheme, that is, if we multiply with

> Gamlgympl TM) Gemljamy| ' M)
JMJ' M’
from left in
((Gads) TM|V|(jeja) TM) = NapNea D> (Gamajoms| JM) (jemejamal JM)
MaMpMeMyg
<{(Jamajomn) M|V |(jemejama) M),
we obtain

1

'a a. MA 'c C. M) =
(Gamagome) MIV|(Gemefama) M) = <

Z<jamajbmb|JM> <jcmcjdmd|JM>
JM

X<(]a]b)JM‘V‘(jcjd)JM>

The Hartree-Fock potential

We can now use the above relations to compute the Hartre-Fock energy in
j-scheme. In m-scheme we defined the Hartree-Fock energy as

E;Irf = Opgep + Z<pi|v|qi>ASa
i<F
where the single-particle states pgt point to the quantum numbers in m-scheme.
For a state with for example j = 5/2, this results in six identical values for the
above potential. We would obviously like to reduce this to one only by rewriting
our equations in j-scheme.
Our Hartree-Fock basis is orthogonal by definition, meaning that we have

el =g, + > (pilVIpi) as,
i<F

The Hartree-Fock potential

We have .
ept =ep+ Y (pilVIpi)as,
i<F

where the single-particle states p = [n,, jp, mp,t.,]. Let us assume that p is
a state above the Fermi level. The quantity €, could represent the harmonic
oscillator single-particle energies.

Let p — a.

The energies, as we have seen, are independent of m, and m;. We sum now
over all m, on both sides of the above equation and divide by 2j, + 1, recalling
that >, = 2j, + 1. This results in

1 .
elF — ¢, + 51 > (ailVlai) as,

i<F mg

16



The Hartree-Fock potential

We rewrite 1
HF TS
€q =E€at+ /7 at|Vlai) as,
1 <ZMZ< |V'|a)
as
1 . . N .
enl =€a+ 5 S Y (Gamagimi) M|V |(jamajimi) M) as,

2](1"‘1

i itz SF mimg

where we have suppressed the dependence on n, and ¢, in the matrix element.
Using the definition

. . N . 1 . . . ) o NI
<(.7ama.7bmb)M|V|(]cmcjdmd)M> = Z<]ama]bmb|JM> <]cmc]dmd|JM><(]a]b>J|V|(.]c]d)M>AS7
JM

Nachd

with the orthogonality properties of Glebsch-Gordan coeflicients and that the
j-coupled two-body matrix element is a scalar and independent of M we arrive
at

1 e
el = ot o——— D > (2T + 1){(fadi) IV |(jadi) M) as,
2Ja+1 Gi<F J

First order in the potential energy

In a similar way it is easy to show that the potential energy contribution to
the ground state energy in m-scheme

1 . . A .
3 > (Gimagymy) M|V | (imigym; ) M) as,
ij<F
can be rewritten as
1 . A
5 Z Z(QJ + 1)) IV |(4idj)T) as,
Jigi <F - J
This reduces the number of floating point operations with an order of magnitude

on average.

Angular momentum algebra

We are now going to define two-body and many-body states in an angular
momentum coupled basis, the so-called j-scheme basis. In this connection

e we need to define the so-called 65 and 95 symbols
e as well as the the Wigner-Eckart theorem

We will also study some specific examples, like the calculation of the tensor force.

17



Angular momentum algebra, Wigner-Eckart theorem

We define an irreducible spherical tensor Tli‘ of rank A as an operator with
2X + 1 components p that satisfies the commutation relations ( = 1)

T, T = VOFu) A Ep+ )Ty,

and

EAY ST

Angular momentum algebra, Wigner-Eckart theorem

Our angular momentum coupled two-body wave function obeys clearly this
definition, namely

J
(ab)J00) = {alal }  |@0) = Nup 37 (amagoms|IM)|2%),
MMy

is a tensor of rank J with M components. Another well-known example is given
by the spherical harmonics (see examples during today’s lecture).
The product of two irreducible tensor operators

T8 = > (A dopio| Aaps) T T2
12

is also a tensor operator of rank Ag.

Angular momentum algebra, Wigner-Eckart theorem

We wish to apply the above definitions to the computations of a matrix element
J 1A g
(P [T 1P,

where we have skipped a reference to specific single-particle states. This is
the expectation value for two specific states, labelled by angular momenta J’
and J. These states form an orthonormal basis. Using the properties of the
Clebsch-Gordan coefficients we can write

@3y = > (A M| M) W3,),
J//M//
and assuming that states with different J and M are orthonormal we arrive at

(@[T | @) = (And M| TM (@3, 03y).

Angular momentum algebra, Wigner-Eckart theorem

We need to show that
(@317),
is independent of M. To show that
<<I)J]V[ ‘ qji[%

is independent of M, we use the ladder operators for angular momentum.

18



Angular momentum algebra, Wigner-Eckart theorem

We have that
—1/2 ;%
(@41 Uhra) = (7 = M) + M+ 1) (T @ [0 ),
but this is also equal to
(@1 1Ur40) = ((F = M) + M+ 1) 72 (@1 T ),
meaning that
(Pra|Wiran) = (@arWip) = (3,]1T|®1p)-
The double bars indicate that this expectation value is independent of the
projection M.
Angular momentum algebra, Wigner-Eckart theorem
The Wigner-Eckart theorem for an expectation value can then be written as
(@) = ' M| TMY(@7 || T 7).

The double bars indicate that this expectation value is independent of the
projection M. We can manipulate the Clebsch-Gordan coefficients using the

relations ,
A" M'|IMY = (=D)MT =T M Al J M)

and

J/—]\/Ili‘/zj—i_]‘ J/MIJ_M)\_/,L7
V2A+1

together with the so-called 35 symbols. It is then normal to encounter the
Wigner-Eckart theorem in the form

(J' M Ap|JM) = (—1

J AT

J NP Ok — J—M
@hiniedy =0 (0 i

) @i e,
with the condition p+ M’ — M = 0.

Angular momentum algebra, Wigner-Eckart theorem

The 3j symbols obey the symmetry relation

J1 J2 J3 — (—1) Ja Jb e
mi Mo M3 Mq Mp M ’

with (=1)P = 1 when the columus a, b, ¢ are even permutations of the columns
1,2,3, p = j1 + j2 + j3 when the columns a,b,c are odd permtations of the

19



columns 1,2,3 and p = j1 + j2 + j3 when all the magnetic quantum numbers m;
change sign. Their orthogonality is given by

. Ji J2 J3 JiJ2 g3\
Z(2j3+ 1)( mi mo M3 > < my M M3 > = Omamys Omamyr
Jsms
and
Z Ji J2 Js3 JuooJe gy 1 5o 8
mp Mg M3 mp Mg M3 (275 + 1) J8JsrTmaTar
mimsa
Angular momentum algebra, Wigner-Eckart theorem

For later use, the following special cases for the Clebsch-Gordan and 35 symbols
are rather useful

)/ -M
(JMJ M'|00) = (7/2‘)JﬁdJJ/5MM'~

and

( J&l T ):(_1)JM M .
-M&0 M’ I+ +1) M

Angular momentum algebra, Wigner-Eckart theorem
Using 35 symbols we rewrote the Wigner-Eckart theorem as

@l ely = (-7 M (A T e
MLy Py = M o4 M .

Multiplying from the left with the same 35 symbol and summing over M, p, M’
we obtain the equivalent relation

/ _ J X J /
@irie’y = ¥ () @linied)
M, p, M’
where we used the orthogonality properties of the 35 symbols from the previous
page.
Angular momentum algebra, Wigner-Eckart theorem

This relation can in turn be used to compute the expectation value of some
simple reduced matrix elements like

’ — J 0 J/ 4
@|1je”)y = 3 (-1)’ M< ) (@3 [1@37) = V2T + 18,5000,

-M 0 M
M, M’
where we used
I Ar! (_1)J_M
<JMJ M ‘00) = T—H(SJJI(SA{M/.

20



Angular momentum algebra, Wigner-Eckart theorem

Similarly, using

( Moo >:(—1)JM M O
-M 0 M 2J+1)(J+1) ’

we have that

(@7]13][27) = Z(—NM(_{W ; ]\{[//)<‘I’}{4|jz|‘1’}{4,f>Z\/J(J+1)(2J+1)
M, M’

With the Pauli spin matrices o and a state with J = 1/2, the reduced matrix
element

(llolliz) = V&.

Before we proceed with further examples, we need some other properties of the
Wigner-Eckart theorem plus some additional angular momenta relations.

Angular momentum algebra, Wigner-Eckart theorem

The Wigner-Eckart theorem states that the expectation value for an irreducible
spherical tensor can be written as

(@3 1T @) = A M| TMY @[T @),

Since the Clebsch-Gordan coefficients themselves are easy to evaluate, the
interesting quantity is the reduced matrix element. Note also that the Clebsch-
Gordan coefficients limit via the triangular relation among A, J and J’ the
possible non-zero values.

From the theorem we see also that

' M| TM){

YT 07, =
< M| /L‘ M> <)\,U/0J/M(/)|JMO>

meaning that if we know the matrix elements for say some u = ug, M’ = M
and M = M, we can calculate all other.

Angular momentum algebra, Wigner-Eckart theorem

If we look at the hermitian adjoint of the operator T/?’ we see via the commu-

tation relations that (7, ’;\)T is not an irreducible tensor, that is

[T, (T = VN £ @) A F p+ DT

and
[T, (T)T] = —p(T)T.
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The hermitian adjoint (Tﬁ\)T is not an irreducible tensor. As an example, consider
the spherical harmonics for [ = 1 and m; = +1. These functions are

V=L (0,0) = —/ 8377 sin (0) exp 19,

_ /3 .
)/Ti;i—l (95 d)) = ) S (0) exp _Z(ba
Y

Angular momentum algebra, Wigner-Eckart theorem

and

It is easy to see that the Hermitian adjoint of these two functions

Vit 0.0 =~/ 2 sin (9 exp o
and

Vit 0,9) = \/g sin (6) exp e,

do not behave as a spherical tensor. However, the modified quantity

A A A
T = (=112 )T,

does satisfy the above commutation relations.

Angular momentum algebra, Wigner-Eckart theorem

With the modified quantity
=N Mp X i
Tp = (=1)""(T2,)"
we can then define the expectation value
(@TR @) T = G M| TM)(@7||T|B7)*,
since the Clebsch-Gordan coefficients are real. The rhs is equivalent with
O M| TMY@7 || T[S = (@, (1)1 27)),
which is equal to

(@3 (T)T1®) = (1) = T M| M) (@7 || T 7).
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Angular momentum algebra, Wigner-Eckart theorem

Let us now apply the theorem to some selected expectation values. In several
of the expectation values we will meet when evaluating explicit matrix elements,
we will have to deal with expectation values involving spherical harmonics. A
general central interaction can be expanded in a complete set of functions like
the Legendre polynomials, that is, we have an interaction, with r;; = |r; — r}|,

v(ri) = Y v(rij) P (cos (6;5),
v=0

with P, being a Legendre polynomials

4m
Y)Y ().
2M+1N( )p,( ])

P, (cos (6;5) = Z

m

We will come back later to how we split the above into a contribution that
involves only one of the coordinates.

Angular momentum algebra, Wigner-Eckart theorem
This means that we will need matrix elements of the type
(YY),
We can rewrite the Wigner-Eckart theorem as
YUY =3 udm[l'm )Y,V
mi

This equation is true for all values of # and ¢. It must also hold for § = 0.

Angular momentum algebra, Wigner-Eckart theorem

We have ,
YUY = ulm|l'm!) YY),

mip

and for 6§ = 0, the spherical harmonic
(21 +1
Yil(a = Oa d)) = ki 5m0;
47

(204+1)(2A + 1)
A (20 + 1)

which results in

/
YUYy = { }1 : (X000]10).
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Angular momentum algebra, Wigner-Eckart theorem

Till now we have mainly been concerned with the coupling of two angular
momenta j, and j, to a final angular momentum J. If we wish to describe a three-
body state with a final angular momentum .J, we need to couple three angular
momenta, say the two momenta j,, j, to a third one j.. The coupling order is
important and leads to a less trivial implementation of the Pauli principle. With
three angular momenta there are obviously 3! ways by which we can combine the
angular momenta. In m-scheme a three-body Slater determinant is represented
as (say for the case of 1?0, three neutrons outside the core of 160),

°0) = |(abe)M) = af.ajaf['90) = 5°").

The Pauli principle is automagically implemented via the anti-commutation
relations.

Angular momentum algebra, Wigner-Eckart theorem

However, when we deal the same state in an angular momentum coupled basis,
we need to be a little bit more careful. We can namely couple the states as
follows

|([ja — jb]Jab — J(')J> = Z <jamajbmb‘JabMab><JabMabjcmc|JM>‘jama>®|jbmb>®|jcmc> )

MaMpMe

that is, we couple first j, to j, to yield an intermediate angular momentum Jg,
then to j. yielding the final angular momentum J.

Angular momentum algebra, Wigner-Eckart theorem

Now, nothing hinders us from recoupling this state by coupling j; to j., yielding
an intermediate angular momentum J,. and then couple this angular momentum
t0 ja, resulting in the final angular momentum J'.

That is, we can have

|(Ja = [Jb = Je) b)) = Z <jbm;;jcm£|chMbC><jam;chMbC‘J/M/>|q)abc>~

’ /
mambmc

We will always assume that we work with orthornormal states, this means that
when we compute the overlap betweem these two possible ways of coupling
angular momenta, we get

((Ga = o = GelToe) T M [([fa = Go)Tab = Ge) IM) =05500n0r Y (Gamadorms|JavMab)(Jap Mapjeme|-TM)

MaMpMe
(2)

X <jbmbjcmc|chMbc> <jamanchc‘JM>-
(3)

24



Angular momentum algebra, Wigner-Eckart theorem

We use then the latter equation to define the so-called 6j-symbols

Sprdarnr Y (Gamadomo] JabMap)(Jap Mapjemne| J N

MaMpMe

X <jbmbjcmc|chMbc><jamanchc‘JM>

j j j ‘a ] Ja
ey

<(ja — []b — jC]JbC)J/M/‘([ja — jb}Jab - jC)JM>

where the symbol in curly brackets is the 65 symbol. A specific coupling
order has to be respected in the symbol, that is, the so-called triangular relations
between three angular momenta needs to be respected, that is

S P P L

Angular momentum algebra, Wigner-Eckart theorem
The 65 symbol is invariant under the permutation of any two columns
Juogz gz _Jaz ogn s\ _ oz g2\ _JJs g2 oan
Ja Js Je Js Ja Je Ja Je Js Je Js Ja)’
The 65 symbol is also invariant if upper and lower arguments are interchanged
in any two columns

Ji o Je gz _Jua g5 s\ _Jur Js e\ _ Jia J2 e
Ja Js  Je JioJz2 Je Ja J2 3 JuoJs Js)’
Testing properties of 65 symbols

The above properties of 65 symbols can again be tested using the symbolic
python package wigner. Let us test the invariance

Ji g2 ogs\ _ Ji2 1 s
Ja Js Je Js Ja Jef
The following program tests this relation for the case of j; = 3/2, jo = 3/2,
j3:37j4:1/2aj5:1/2aj6:1

from sympy import S
from sympy.physics.wigner import wigner_6j
# Twice the walues of all js

(3

w
o nonn
= OWN oW

""" The triangular relation has to be fulfilled """

print wigner_6j(S(j1)/2, S(j2)/2, j3, S(j4)/2, S(j5)/2, j6)
" Swapping columns 1 <==> 2 """

print wigner_6j(S(j2)/2, S(j1)/2, j3, S(j5)/2, S(j4)/2, j6)
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Angular momentum algebra, Wigner-Eckart theorem
The 65 symbols satisfy this orthogonality relation
. Jvr oJ2 JsJJr J2 J3 Jede [+ v .
> (25 +1) 0 2B I e B o el (g
js(JB ){34 Js 36}{]4 Js Jé} 2o + 1 b Jordot s Jo

The symbol {j1j2j3} (called the triangular delta) is equal to one if the triad
(j17273) satisfies the triangular conditions and zero otherwise. A useful value is
given when say one of the angular momenta are zero, say Jp. = 0, then we have

{ ja ‘]b Jab } - (_1)ja+Jb+Jab6'].7115J(’]b
Je J 0 Ve + D2 + 1)

Angular momentum algebra, Wigner-Eckart theorem

With the 65 symbol defined, we can go back and and rewrite the overlap between
the two ways of recoupling angular momenta in terms of the 65 symbol. That is,
we can have

|mam%mmmm=ZPWWMHWMwnmmﬂ{fﬁ

Jab

Can you find the inverse relation? These relations can in turn be used to write
out the fully anti-symmetrized three-body wave function in a J-scheme coupled
basis. If you opt then for a specific coupling order, say |([jo — Jo]Jab — Je) I M),
you need to express this representation in terms of the other coupling possibilities.

Angular momentum algebra, Wigner-Eckart theorem

Note that the two-body intermediate state is assumed to be antisymmetric but
not normalized, that is, the state which involves the quantum numbers j, and
jb- Assume that the intermediate two-body state is antisymmetric. With this
coupling order, we can rewrite ( in a schematic way) the general three-particle
Slater determinant as

®(a,b,c) = Al([Ja = Jb)Jab = je)J),

with an implicit sum over Jg,. The antisymmetrization operator A is used
here to indicate that we need to antisymmetrize the state. Challenge: Use
the definition of the 65 symbol and find an explicit expression for the above
three-body state using the coupling order |([jo — Jo]Jab — Je)J)-

Angular momentum algebra, Wigner-Eckart theorem

We can also coupled together four angular momenta. Consider two four-body
states, with single-particle angular momenta j,, jp, j. and j; we can have a state
with final J

|(I)(a’bac7 d)>1 = ‘([]a —>jb}']ab X [jc %jd]ch)JM%
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where we read the coupling order as j, couples with j; to given and intermediate
angular momentum J,;. Moreover, j. couples with j4 to given and intermediate
angular momentum J.q4. The two intermediate angular momenta Jy,; and J.q are
in turn coupled to a final J. These operations involved three Clebsch-Gordan
coeflicients.

Alternatively, we could couple in the following order
[®(a,b, ¢, d))2 = [([ja = JelJac % [jb = jal Joa) TM),
Angular momentum algebra, Wigner-Eckart theorem
The overlap between these two states
((Ja = JelJae % [jb = JalJoa) IM|([ja = jb]Jab X [je = jdlJea) JM),

is equal to

> (Gamagomo| JasMap) (Gemegamal JeaMea)(JapMapJea Mea) M)

mq M
X<jamajcmc|JacMac><jbmbjdmd|chMbd><JacMachded‘JM> (5)
ja jb Jab
= V(@b +D)@ea+1)2Jac + D2+ 1) Je  Ja Jea ¢,
Jac de J

with the symbol in curly brackets {} being the 9j-symbol. We see that a 6j
symbol involves four Clebsch-Gordan coefficients, while the 95 symbol involves
Six.

Angular momentum algebra, Wigner-Eckart theorem

A 95 symbol is invariant under reflection in either diagonal

J1 J2 J3 Ji1 Ja J7 Jo Je J3
Ja Js Jegp=1<J2 J5s Jsp=14Js Js J2
Jr Js Jo Js Je Jo Jr Ja g1

The permutation of any two rows or any two columns yields a phase factor

(—=1)%, where
9
i=1

As an example we have

Ji1 J2 Js Ja Js Js Je 71 Js
Ja s dep=(=1)%<d1 g2 dzg =15 Jj1 Jo
Jr Js Jo J7 Js Jo Js  JrJo
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Angular momentum algebra, Wigner-Eckart theorem

A useful case is when say J = 0 in

o b Ja .
:;'C :;Z JCZ — 6Jachd5Jachd (71)jb+']0rb+jc+<1ac {JG. ]b Jab} )
Jac Jba 0 \/(QJab +1)(2Jac +1) Ja Je  Jac

Angular momentum algebra, Wigner-Eckart theorem

The tensor operator in the nucleon-nucleon potential is given by

(1SJ|S12l!S"T) = (=)5*74/30(21 + 1)(2I + 1)(2S +1 25’+1
s l’ 2 z
2 1 S o o

<51|\01||$3><32|\02||54

and it is zero for the 1S, wave.
How do we get here?

Angular momentum algebra, Wigner-Eckart theorem

To derive the expectation value of the nuclear tensor force, we recall that the
product of two irreducible tensor operators is

W, = Z <pmpqmq|rmT>TT€LpU;Inq7

mpMgyg

and using the orthogonality properties of the Clebsch-Gordan coefficients we can
rewrite the above as

7, Un, = Z (pmpgmglrm. )Wy,

mp Mg
mpMy

Assume now that the operators T" and U act on different parts of say a wave
function. The operator T' could act on the spatial part only while the operator
U acts only on the spin part. This means also that these operators commute.
The reduced matrix element of this operator is thus, using the Wigner-Eckart
theorem,

a1 Geda) ) = 35 1y ()

M,m,, M’

%((Gado M| |Th,UB | |(Geia) I’ M.
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Angular momentum algebra, Wigner-Eckart theorem
Starting with
s T s N\ — J—M J r J/
GV iy = Y 0= (e
M,m,., M’
%{(GadoTM| [Th,UR | |(Geja) '),

we assume now that 7" acts only on j, and j. and that U acts only on j, and
T

Ja- The matrix element ((jqjpJ M| [T,?,’Lp U,Zlq} |(jeja)J' M) can be written out,
m

r

when we insert a complete set of states |j;m;j;m;)(jimijjm;| between T and U
as

<(ja.ijM| [Treszgnq}m ‘(jcjd)J/M/> = Z<pmpqmq|rmr><jamajbmb|‘]M><jcmcjdmd|']/M/>
%{Gamagorn [ T8, | 1Gemegims)) (Gemegvmal [U8, ] |Gemeiama)):
The complete set of states that was inserted between T and U reduces to

|[Femecipme) (Gemejpms| due to orthogonality of the states.

Angular momentum algebra, Wigner-Eckart theorem

Combining the last two equations from the previous slide and and applying
the Wigner-Eckart theorem, we arrive at (rearranging phase factors)

(Uade) JIIW" |Geja) ') = VT + 1+ DRI +1) Y (‘14 m, J\{I)

% ja jb J jc jd J' p q r
mg my —M —me. —mg M’ -m, —mg My

Ja Je P Jo o Jd q R gl
(e 2 (B e ) Gl < Gl

which can be rewritten in terms of a 95 symbol as

ja jb J
((Gade) TNIW | Geda)T") = /2 + 1)(2r + 1)@J" + D {Gal | TP|lje) Gl U ja) § de Ga T’
p g T

Angular momentum algebra, Wigner-Eckart theorem

From this expression we can in turn compute for example the spin-spin operator
of the tensor force.
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In case r = 0, that is we two tensor operators coupled to a scalar, we can use
(with p = q)

o o
;c jz J oy = 0.7:0pq (—1)dvtic+2] {Ja Jo J}
p p 0 VERI+ 12T +1) Ja Je pJ’
and obtain

((Gadn) TIWOI(Geja) ") = (=1)7F3F27 (Gl TP ) (ol TUP | ja) {?d ﬁ p} ‘

Angular momentum algebra, Wigner-Eckart theorem

Another very useful expression is the case where the operators act in just one
space. We state here without showing that the reduced matrix element

. . . T . i T ] .a T
GallW" i) = Gl 177 5 77 ) = (1B 13 {2 e 7
jC

q Je
X (ol T |7} (Gel T | b)-

Angular momentum algebra, Wigner-Eckart theorem

The tensor operator in the nucleon-nucleon potential can be written as

3 @) @]
V:T—2|:[O'1®O'2] ®[I‘®I‘] 0

(2

Since the irreducible tensor [r ® r|*”’ operates only on the angular quantum

](2)

numbers and [o; ® 03] operates only on the spin states we can write the matrix

element
(0)
(STIV)IST) = (18] [[aleaag}(?)@[r@r](?)}o 'S J)
I s J
= <—1>J+”S{l, o 3 }<l||[r®r]<2)|r>

x(S||[o1 ® 2] ||5")

Angular momentum algebra, Wigner-Eckart theorem

We need that the coordinate vector r can be written in terms of spherical

COmpOHentS as
[4m
o =T 3 }/la

4
ror? = ?ﬁ > (101B[2u)Y1aYip
o,

Using this expression we get
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Angular momentum algebra, Wigner-Eckart theorem

The product of two spherical harmonics can be written as

20+ 1)2L+1)(20+1 l l l
}/l1m1Y22m2 :Z\/( : )( : )( ) ( X ’ >
lm

4 mp Mm2 m

lh s 1 m
(4B o) Ym0
Angular momentum algebra, Wigner-Eckart theorem

Using this relation we get

Virr? N (1a18)2u)

m «,B

x<1aml—m>%ﬂ(é ; f))YlmH)m

— (1 1 2
47”"(0 0 0>Y2“

/2
Varr? B}/Q_H

Angular momentum algebra, Wigner-Eckart theorem

rer)?

We can then use this relation to rewrite the reduced matrix element containing
the position vector as

Ulrer]® )

2
Vam\ | S el

- 125742(_1)l\/(21+1)5(2l'+1) (z 2 l’>

4 0 0 O

Angular momentum algebra, Wigner-Eckart theorem

Using the reduced matrix element of the spin operators defined as

S1 S92 S
S||[oy @ o9]P |8 = 28+ 1)(28"+1)5¢ s3 sq4 S
(

1 1 2

x (s1llo1]]s3)(s2l|o2][s4)
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and inserting these expressions for the two reduced matrix elements we get

(SJ|V|I'S' Ty = (=1)%+7,/30(20 + 1)(2I" + 1)(25 + 1)(25" + 1)

X{lSJ}(lQl’) o j?f,,
/ 3 4

I S5 2 0 0 O 1 1 9
x (s1l|o1l[s3)(s2|o2]]s4)-

Angular momentum algebra, Wigner-Eckart theorem

Normally, we start we a nucleon-nucleon interaction fitted to reproduce scat-
tering data. It is common then to represent this interaction in terms relative
momenta k, the center-of-mass momentum K and various partial wave quantum
numbers like the spin S, the total relative angular momentum 7, isospin 7" and
relative orbital momentum [ and finally the corresponding center-of-mass L. We
can then write the free interaction matrix V as

(kKILJST|V|K' KI'LTS'T).
Transformations from the relative and center-of-mass motion system to the lab
system will be discussed below.
Angular momentum algebra, Wigner-Eckart theorem
To obtain a V-matrix in a h.o. basis, we need the transformation
(nNILJST|V|n'N'I'L' 78'T),

with n and NV the principal quantum numbers of the relative and center-of-mass
motion, respectively.

|nINLJST) = / k2 K2dkdK Ry (V2ak) Ry (v/1/20K)|kIK LT ST).

The parameter « is the chosen oscillator length.

Angular momentum algebra, Wigner-Eckart theorem

The most commonly employed sp basis is the harmonic oscillator, which in
turn means that a two-particle wave function with total angular momentum J
and isospin T can be expressed as

|(nalaja)(plyjs) JT) = Y ) Fx (ab|AS)
V( 1+512 ,\SJnNzL
[ L 1A
_1\\J-L-S
x(=1) A{ S J g }

X (nINL|nglanply) INNNLTST),

where the term (nlN L|ngl,nplp) is the so-called Moshinsky-Talmi transformation
coefficient (see chapter 18 of Alex Brown’s notes).
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Angular momentum algebra, Wigner-Eckart theorem

The term (ab|LSJ) is a shorthand for the LS — jj transformation coefficient,

A la 54 Ja
(ab|)\SJ) = jajb)\S lb Sp jb
A0S J

1 (—1)+S+T

Here we use & = v/2x + 1. The factor F is defined as F' = 7 if 54 = sy

and we .

Angular momentum algebra, Wigner-Eckart theorem
The V-matrix in terms of harmonic oscillator wave functions reads

((ab)JT|V |(cd)JT) Z Z (1 — (—1)H+5+T)

AN SS' T nin/I’NN'L (1+ dap) (1 + 0ca)

x(ab|]ASTY{cd|N' S’ J) (nIN L|nglanplyA) (n'l' N Lingnglg\')

R e (L1 A L U X
1\ I+
xJ(=1) {SJJ}{SJJ}
x(nNILJST|V|n'N'U'L' T S'T).

The label a represents here all the single particle quantum numbers n4,l,7,-
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